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Chapter 10

FACTORS,AND EXPONENTS

The important ideas throughout 4-Lis chapter are those of .

--factors and factoring, and it is these ideas which_we_must.put_on_

_a,firm mathematical foundation. The traditional treatment of these

ideas has tended to be one of symbol pushing with technique as its

primary objective. It is our aim to make understanding the primary

objective. Without understanding, a great deal of confusion is

bound to occur. For example, if a student were to ask why r is

6 6
not a factor of 6 (since r x = 6, and is a perfectly good

number), or if he should ask why x
2 + 1 is not a factor of

(Since (x2 + 1) = x) , he would be unable to find an
x + 1

answer within the framework of what is usually taught. "Don't be

silly--you can see they don't come out leventI" is probably as

satisfactory a reply as he could find.

In this chapter we shall be concerned with the algebraic

structures which are behind our usual ideas of factoring. We

shall.be concerned mainly with the set of all positive integers

which are, as we recall, closed under both addition and multipli-

cation. It is, in fact, possible to think of the positive integers,

as "generated" from just."1" under addition to ."Obtain" any PoSi-

tive integer. This idea, which is rather simple for integers', will

be of considerable help when we study polynomials. The basic idea,

is the definition of a proper-factor.- An integer is said to be

fadtbrable if it has a proper factor and is prime if it does not

have a proper factor.

-It is very important to keep in-Allind that these ideas of

factors and factoring depend on the set oVer which we do the: fac-

toring. Over the set of positive integers, 4 is a factor of 12.

If we permitted allintegersi -4 and 4 would both be factors
2

of 12. If we factor over the rational numbers, then 1. is a

9
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factor of 12, as well. If we factor over the real numbers, any

number is a factor of 12, and the idea has become. meaningless.

When we speak of factoring a positive integer, we shall always

mean over. the set of positive integers, unless another set is

specified, since the information about factors of integers of

'interest to us in this chapter can be obtained from the positive

integers..

The theorems we prove about factors will be stated in such a

way that they immediately generalize to polynomials, for this is

where we shall want them all again.

Students who have studied the SMSG 7th Grade course will have

a good'start in the ideas of factors, prime numbers and least

common multiples. They may need to 'spend less time on these topics

than other students would need.

10-1. Factors and Divisibility

The point of the story of the farmer with eleven Cows is that

the number 12 has a property which 11 does not, namely: 12

has factors other than one and itself. Specifically, 12 can be

divided exactly by 2, 4, and 6. Eleven cannot be divided exactly

by these numbers. The reason the stranger got his cow back was

1 1 1 11
that + + -6 equals

The fact that any positive integer has itself and 1 as

factors follows from the property of 1: a.,1 = a. But some posi-

tive integers have factors other than 1 and itself. We call this

kind of a factor a proper factor. Observe the similarity of the

factor-proper factor.relation to the subset-proper subset relation.

"Proper" is a word people use to indicate the really interesting

cases of a particular concept. Think, for a moment, of what we

mean by "proper fraction".

After the definition of proper factor, the question is asked,

"Does it follow from this definition that m also can equal

neither 1 nor n?" If m is a proper factor of n we mean that

[pages 247-2481
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there is a positive integer q (q 1, q n) such that mq = n.

Then another name for Iq is 1;1-i . If m = 1, then q =117i= = n.

This is a contradiction. If m = n, then q = = 1. This is

a contradiction.

Problems 1-15 of Problem Set 10-la are meant to reinforce the

idea that if m is a factor of n, then --is a factor of n.

Students may make some decisions on the basis of divisibility rules;

for example, 5 is not a factor of 24 since any number'divisible

by 5 would be named by a nuMeral which ends in 5 or 0. In'

problems 16 to 35 we want the student to recall his knowledge of

divisibility of numbers in order to recognize proper factors of a

number. These problems lead into a discussion of rules of divisi-

bility based on the numeral representing the number.

Answers to Problem Set 10-1a; pages 249-250:

1.

2.

Yes.

Yes.

2 x 12 . 24.

3 x 8 ..24.

3. No. There is no integer q such that 5q. .

4. Yes.' 6 x 4 . 24.

5. No. There is no integer q such that 9.q =

6. No. There is no integer q such that 13.q =

7. Yes. 12 x 2 . 24.

8. Yes. 24 x 1 = 24.

9. Yes. 13 x 7 = 91.

10. Yes. 30 x 17 . 510.

11. Yes. 12 x 17 . 204.

12.-Yes. 10 X 10,000 = 100,000.

13. Yes. 3 x 3367 . 10,101.

14. Yes. 6 x 3367 . 20,202.

15. Yes. 12 x 3367 . 40,404.

ipage 249]

1 1

24.

24.

24.
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The students shou7J:1 note that the answers for Problema

14 and 15 follow directly from Problem 13. The form Ofithe

answers may suggest how the associative property facilitates

the work:

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32-

33.

34.

85:

51:

52:

29:

93:

92:

37:

94:

55:

61:

23:

123:

57:

65:

122:

68:

95:

129:

141:

101:

5;

3;

2;

3;

2;

2;

5;

3;

3;

5;

2; s

2;

5;

3;

3;

ab = ab

(2a)b = 2ab

(4a)b = kab

5 x 17 = 85

3 X 17 = 51

2 x 26 = 52 . 4; 4 x 13

not factorable

3 X 31 = 93

2 x 46 = 92 . x 23

not factorable

2 x 47 . 94

5 x 11 . 55

not factorable

not factorable

3 x 41 = 123

3 X 19 = 57

5 x 13 = 65

2 x 61 . 122

2 x 34 = 68 . 4; 4 x 17

5 x 19 = 95

3 x 43 = 129

3 x 47 = 141

not factorable

=

=

=

52

92

68

35.
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We would expect that students know the rules of divisibility

for 2, 5, and 10, but the teacher should make certain that every

. student does. The following discussion is for the teacherts infor-

mation. We hope that the teacher will not just ln- nt th rules

but will aid the student to discover as much r T himself.

Any integer can be represented in the fc ± ere t

is a non-negative integer and u is an intege set

(0, 1, 2, 3, 9). For example,

36 = 3(10) + 6,

178 = 17(10) + 8,

156237 = 15623(10) + 7.

The advantage of this form is that we can learn what rules of

divisibility can be based on the last digit of the numeral. For

example, 178 = 17(10) + 8. Two is a factor of 10 and therefore

also a factor of any multiple of 10, including 17 (10). In

other words, the 17 doesn't matter since 2 is a factor of 10.

Thus, whether or not 1(8 is divisible by 2 depends only on the

last digit, 8. Since 2 is a factor of 8, 2 is a factor of

178.

Stating the previous argument more generally, we can say that,

since 2 is a factor of 10, 2 is a factor of 10t. Thus 2

is a factor of 10t + u, if and only if 2 is a factor of u, the

last digit. Notice that when u = 0, we use the fact that 2 is'

a factor of O.

In an analogous manner, since 5 and 10 are factors of

10t, each is a factor of 10t + u if and only if each is a

,factor of u. On the other hand, 3, 4, 7, 11, and 13 are not

factors of 10t for every t. Thus rules for divisibility by

these numbers cannot be based on only the last digit of the numeral.

We can extend this argument to numerals written in any other

number base. Take the duodecimal notation, for example. Every

number can be written in the form 12t + u where t is a non-

negative integer and 0 < u < 11. Each of the numbers 2, 3, 4

and 6 is a factor of 12t; thus rules of divisibility for these

numbers are based on the last digit of the numeral. That is,

any number written as a base 12' numeral is divisible by 2, 3,

(llage 250)
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4, 6 or 12 if the last digit is divisible by 2, 3, 4, 6 or 12,

respectively.

Returning to base 10 notation, let us examine the last two

digits of any numeral. In gsneral we could write any number

(100)h + d where h is a non-negative integer and d is an

integer such that 0 d 99. Any number which is fl factor. of

100 will be a factor of 100h. Therefore, any number WillwA Is

a factor of 100 will be a factor of (100)h + d if and -nly if

it is a factor of d, the last two digits. Since the prime factor-

ization of 100 is 2
2
.5
2
, any number made up of at most two 2ts

and two 5ts will be a factor of 100. Such numbers are 2, 4, 5

10, 20, 25, 50, and 100. Bit 2, 5, 10, 20, and 50: are more

easily checked by a single or double application of the last digit

rules, so this leaves 4 and 25. Thus, a number is divisible by
4 or 25 if and only if the number denoted by the last two digits

in its decimal notation is divisible by 4 or 25.

Another interesting test is based on the sum of the digits of

a numeral. If the digits of a four digit decimal numeral are

a, b, c, d, the number is

1000a + 100h + 10c + d = 999a + a + 99b + b + 9c + c + d

= (999a + 99b + 9c) + (a + b + c + d).

= (111a + llb + c) 9 + (a + b + c + d)

A decimal numeral with any number of digits may be treated

similarly.

Since 3 is a factor of 9, 3 is a factor of

(111a + llb + c) 9. Hence, if 3 is a factor of (a + b + c + d),

it is a factor of the original number (Theorem 10-5b). Further-

more, if 3 is not a factor of (a + b + c + d), then 3 is not

a factor of the original number, as can be proved by assuming 3

is a factor of the original number and using Theorem 10-5d to lead

to a contradiction.

We conclude, then, that divisibility by 3 can be tested by

determining whether 3 is a factor of the sum of the digits of the

decimal numeral.

We nOtice, incidentally, that 9 has a similar test for

[page 250]
Al%
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divisibility. A number is divisible by 9 if and only if the

sum of the digits of its decimal numeral is divisible by 9.

When finding the prime factorization of numbers in later

sections, one finds the factors 2, 3, 5, 7, .sprimes.-g, in

that order. The student should, therefore, know divisibility rules

for 2, 3, and 5, at least. The rules for 4, 9 and 25 are also

helpful in other situations. There is no simple rule for divisi-

bility by 7.

Answers to Problem Set 10-lb; page 251:

1. The numerals 28, 128, 228, 528, 3028 all have 28 as the

last two digits. Four is a :actor of 28 and each of the

other numbers. None of the numbers 6, 106, 306, 806, or

2006 is divisible by four. None of the numbers 18, 118, or

5618 is divisible by four; but both 72 and 572 are divis-

ible by 4. The rule is: If the number represented by the

last two digits of the numeral is divisible by 4, then the

number is divisible by 4.

2. The numerals 27, 207, 2007, 72, 702, and 270 are various

arrangements of the numerals 2, 0, and 7. The numbers they

represent are all divisible by 3. The sum of 2 and 7 is

divisible by 3.

On the other hand, 16, 106, 601, 61, and 1006 are not

divisible by 3. Neither is the sum of 1 and 6 divisible

by 3. The numbers 36, 306, 351, 315, and 513 are divisible

by 3, and so is the sum of 3 and 6. Notice the digits 1

and 5 replace the digit 6 to suggest that it is the sum of

the digits which is important. The numbers 5129 and 32122

are not divisible by 3.

The first phrase, (222 33 5) 9 is divisible by 3,

since 3 is a factor of 9. The second phrase, (2+3+5+8),

is the sum of the digits of the original number. If both of

of these phrases are divisible by 3, then their sum is

15
[page 251]
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divisible by (This is later shown in Theorem 10-5b). This

is the cas,:i for the number 2358.

For any whole number the first phrase is always divisible

by. 3, since it always contains a factor of 9. Thus the

question of the divisibility of the number rests upon the divis-

ibility of the second phrase. Hence the rule can be stated:

If the sum of the digits of the number is divisible by 3, the

number itself is divisible by 3.

3. A number divisible by 0 d,, Able by 3, since the presence

a factor of 9 L. JL.L -,....ures factors of 3. On the

other hand, the presence of a factor of 3 is no assurance of

a factor of 9. An example of such a number which is divisible

by 3 but not by 9 is 12.

4. A number is divisible by six if it is divisible by 2 and 3.

A number is'divisible by 2 and 3 if the last digit of the

numeral is even and the sum of the digits of the numeral is -

divisible by 3. Example: 156816. The sum of the digits is

27. Twenty-seven is divisible by 3. The last digit 6

even. Therefore, 6 is a factor of. 156816.

5. (a) 3 is a factor of 101,001. Thc, test for divisibilit:/ y

3 is used.

(b) 3 is not a fact3r of 37,199. The test for divisibiltty

by 3 is used.

(c) 6. is not a factor of 151,821. The test for divisibility

by 2 is used.

(d) 15 is a factor of 91,215. The tests for divisibility by

3 and 5 ,are used.

(e) 12 is a factor of 187,326,648. The tests for divisibil-

ity by 3 and 4 are used.

16
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10-2. Prime Numbers

We have a long range objective in the discussion of Section

10-2. Students often get the impression that x2 - 2 cannot be

factored when in fact a pair of its factors is (x -15)(x +1F5.

,We wish, therefore, to emphasize the set of numbers over which

numbers are factored. If we consider x2 - 2 to be a polynomial

whose variables have integer coefficients, then x2 - 2 cannot be

factored into polynomials of this same tyPe. But if we consider

the variables in the factors of x2 - 2 to have real coefficients,

then x2 - 2 can be factored into polynomials.of this type. For

this reason we wish to spell out whEn, kind of factors we want, not

only in this chapter but in later chapters.

In,this chapter we want the factors Of positive integers to

be positive integers. If we admit the negative integers as factors,

we get the opposites of the positive factors. This adds little to

our knowledge of factors or fa-.-toratality.

Answers to Problem Set 10-2a; ,3eTn..s 252-253:

1. The "answer" is really gayer 2L)1: page 253. The first number

crossed out when crossim6 all numbers having n as a

common factor is n
2

. Ta 5 for example. The multiples

of 5 are 2.5, 3.5, 4.5, 5.5, 6.5, .

Tte multiples 2.5 and k.5 are already crossed out

becauatt each has 2 as a pnaler factor. The multiple 3.5

is already crossed out -.:r4)^(7i1LZW. It has 3 as a proper factor.

Thus the first multiplea crozz out when crossing out 51s

is 5.5 or 52 .

To further explain 1,!!;',A-y there are no numbers lesztian

or equal to 100 to cros::,,. when crossing out 111s, 'list

the multiples of 11

2.11, 3.11, 4.11, 5.11, -.11, 8.11, 9.11, 10.11,

Then go through the crosirg74aut process again to show zhat

the first.number to cross out %could have to be 11.11.

252-2541
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A general argument is given in the next paragraph in

case you have a student or two who would like to study it.

What we see in the sieve is that the first number which

is crossed out because it is a multiple of the prime p is

p
2

. If a positive integer less than p
2

is not a prime, it

must have a prime factor less than, p; so it will have already

been crossed out. Thus for example, the first number crossed

out because of 11 would be 121; any number less than 121

,which is not a prime must have 2, 3, 5, or 7 as a factor.

To see this, let n be-a positive integer which is less than

p
2

and which is not a prime, (i.e., has proper factors). In

symbols,

n < p2

and ab = n,

when both a and b are proper factors of n. But then

ab < p2 .

If it were true that both

a p

and b p,

then ab p
2

, which is a contradiction. Therefore, at

least one of the proper factors a and b of n must be less

than p. But then the smallest prime factor of n is also

less than p, and would have been used to cross n off in the

course of the sieve.

Since the set of positive integers is infinite we cannot

find all the prime numbers by the Sieve of Eratosthenes. It is

possible to find all the prime numbers less than some given

positive integer, however, using this method. The next prime

after 97 is 101.

18
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Answers to Problem Set 10-2b; page 254:

1. The largest

The largest

The largest

2. The largest

The largest

The largest

3. The largest

prime

prime

prime

prime

prime

prime

number less than

number less than

number less than

proper factor of

proper factor of

proper factor of

number needed to cross

than 200 is 13.

The largest number needed to cross

than 300 is 17.

100

200

300

is 97.

is 199.

is 293.

281

numbers less than '100 is 47.

numbers less than 200 is 97.

numbers less than 300 is,149.

out non-prime numbers less

out non-prime numbers less

10-3. Prime Factorization

We are studying the-prime factorization of integers in this

section. It is essential that the student learns to find the prime

factors of any in ?.ger because we use this idea for reducing frac-

tions, finding thL lowest common denominator of fractions, and

simplifying radicals. The Sieve of Eratosthenes provides a very

natural way to obtain prime factors.

Mention of prime numbers and uninue factorization is found in

Studies in Mathematics, Vblume III, pages h-.3 - 4.5.

We would expect Problem Set 10-3a to be worked in class.

Answers to Problem Set 10-3a; page

1. 84: 2, 4 . 42; 2, 14 = 21;

84 . 2 x 2 X 3 x 7.

8; 2,

2 x 2.

16: 2, 4 .
16 = 2 x 2 X

37 is prime.

48 . 2 x 2 X

50 = 2 X 5 x

18 . 2 x 3 x

2 2 X 3.

3-

255:

21
3, -71 =

4
= 2.

19

[pages 254-255)
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96 = 2x2x2x2x2x 3.
99 = 3 x 3 x 11.

78 . 2 x 3 x 13.

2.

47 is prime.

12 = 2 x 2 x 3.

(a) 28

(b) 30

(c)

(d)

77

54

(e)

(f)

49

36

Page 257. Exercises 10-3b are for the purpose of practicing

findYTTg the prime decompositions of integers. If the student can

write these without using the method developed here so much the'

better. There ism particular reason why he must begin with the

smallest prime and then use successively-larger primes, but this

procedure is systematic. The advantages_ of the method should bey

emphasized, but the teacher should not Insist on its ude.- If'stu-

dents use exponents to express their answers, so much the better;

but if_the students do not demand exponents the teacher should

avoid them at this point. The long expressions obtained become

motivation for exponents in a later section.

Assuming that practically all students will use the systematic

approach to prime factorization, be sure of the followin-.:

1. The student should use rules of divisibility for 'at least

2, 3,'and 5.

2. The student should know where he can stop.

Example: 202 2 1+0+1 is not diVisible by 3

101 101 101 is not divisible by 5

1 101 3

After trying to divide by 7, you are through, since 101 is

less than 121, which is the first multiple of 11 not already

crossed out.

ges 255-257]
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Answers to Exercises 10-3b; Page 257:

1. The smallest prime factor of 115 is 5, since 115 is not

even and 1 4. 1 + 5 is not divisible by 3.

135: not even, 1 + 3 + 5 = 9; 3 is the r-allest prime.

321: not even, 3 + 2 + 1 . 6; 3 is the smallest prime.

/18h: 2 is the smallest prime, since 2 is a factor of 4.

539: not even, 5 + 3 + 9 not divisible by 3, last digit

not. 5 or 0;

521 - 77; hence divisible by T.
7

2.

1h3:

c3
-L9

2

7
7

2, 3, 5, 7 fail; 11

98 = 2X7x7.

is a

432
216
108
54
27
9
3
1

factor of 143.

2 432 . 2x2x2x2x3x3x3.
2
2
2
3
3

3

258 2 5 does not work since unit digit is not 5 or 0.

229 3 2 h
43 43 We need not try 7 since 7 = 49. 258 = 2X3X43.
1

625 . 5x5x5x5.

180 = 2x2x3x3x5.

1024 = 2x2x2x2x2x2x2x2x2x2.

378 = 2x3x3x3x7.

729 . 3x3x3x3x3x3.

Avoid the use of exponents unless the students are

clamoring for them. We shall use the desire to shorten the

writing of factors as motivation for exponents in a later

section.

825 . 3g5x5x11.

576 = 2x2x2x2X2x2x3X3.

1098 = 2x3X3x61.

After dividing out the 313 , 5 is rejected by divisibil-

ity rule and 7 is rejected by trial. Then 61 is prime

because 61 < 121, the first number for which 11 need be tried.

(page 2573
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_3375 . 3x3x3x5x5x5.

3740 = 2x2x5x11x17.

1311 = 3x19x23. (Since 437 is in the neighborhood of (20)2,

we should try all primes up to and including 19.)

5922 = 2x3x3X7x47

1008 2x2x2x2x3x3x7.

5005 = 5x7x11x13.

444 . 2x2x3x37:

7x11x67; 67 must be prime since we have eliminated

all prime factors less than 11 and- 67 < 121.

1455 = 3x5x97; 7 fails and 97 < 121.

2324 = 2x2x7x83; 7 fails and 83 < 121.

The proof of this "unique factorization" theorem is far

beyond anything_which the students can understand at the present

time. An aid in convincing the student, perhaps, would lie to

begin with a number like 72, and factor it in ,various ways:

24x3, 9x8, 2x2x3x2x3, 6x12, and then to

factor 24 x 3 and 9 x 8 and 6 x 12 further until only

.
prime factors remained. You will get the same three 2's and

two 31s no matter how you do it (not always in the same order,

of course, but the associative and commutative properties.let

you put them in any order). The fact is that 72 is "made up"

of three 21s and two 3Is, and this structure remains no

matter hoW you begin and carry out your factoring of 72. If

_you are interested, a formal ?roof, of the unique factorilation

property of the positive integers may be found in Courant ind

Robbins, What is Mathematics, Oxford, 1941, page 23.

10-4. Adding and Subtracting Fractions

We wish to apply the prime factorization of integers to the

problem of finding the least common multiple of the denominators.

We do not want blnd adherence to the method developed, however,

but we do want to give the student a systematic way of approaching

the problem. For example, if the student were asked to Add the

[pages 258-260]
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1 1
fractions +z the least common denominator can be quickly

determined by inspection, and the student should do it this way.

1 1
If, however, he is asked to add -57 + y it may not be easy to

determine the least common denominator by inspection. But by

prime factorization

57 = 3.19,

95 = 519,
and the least common denominator is 5.3-19.

It is goad technique, both here and in later work on factoring,

to leave expressions in factored form as long as possible, for

these factors indicate structure of the expression, which structure

is otherwise forgotten. In the example on page 259, Once the frac-

tions had a common denominator, the numerators were, of course,

multiplied out and combined; but, as you saw, it was to our advan-

tage to leave the denominator in factored form until the very end.

Then we know that the fraction cannot be simplified unless the

numerator has as a factor one of the factors of the denominator.

Answers to Problem Set 10-4; pages 260-261:

2 1 2 1 2 5 1 3 13
1* (a)

3 4 23 4._ 474.= .27.517

1 4 1 4 1 13 4 2.3 11

(ci -17 + 7717.7.7 13G

2..3 77;1-ri =

N 1 3 1 3 1 3 3 18 6

( e ' 75 + -51` .- '5'17 + 317 717 .7
.2

17.-17.5 3.5-17 B3

Notice that after you have added numerators, you need

only check 18 for divisibility by 3, 5, and 17.

2 3

[page 2601'



20 2. -20 7 -100 - 21 -121 121

-57 95 1719 5.19 3.5.19 3.5.19 285 6.

Notice that 121 = 11
2 and 11 is not a factor of

the denominator, so the fraction cannot be reduced.

(g) 93 773.3".7 147:"13 Ti6
56

The fraction 3.
can be reduced only if

7.13

or 13 are factors of- 56.

(h) +36 = 7:777 2. . .

3x x 3x 2 jc

1 3 2 1 3 2
+.2-6" '07 -TT 77275 2W5 =

175p.

41 3k 2k k 3k 2k k
1" To* --. 78. 56 7:3 "r 7;777 -2. -27.-07

84k 20k - 5k 9_215. 99 is not divisible by 2,
2.2.2.5.7 -2-80 1

(k) +-41 - 3'1;1.5 3.31-7

945a + 147a - 125a 967a I e
3.3.5.5.7 - 1575 t9o7

5,
iors not divisible by

3, 7.)

132?4,- 6

8 13 8 13 64 65
2. (a).- 3-3 < ,

,
3.5 2.2.23 , 2o2.2.3.5 < 22-23°5 ..

True..

(b) A <4 , N. < 4;. False (not necessary to factor here).

( 1 14 6 14 6 2.7 , 2,3 2 , 2 , ,

' 27 , 777 N 3.3.3 , 3.3,7 s -J7.57s. , ra.Lse.

3. (a) # .

1 1 3 2 17-1'="6-.6=-6
1 1< .6 , because 7 > 6 ( if a > b , and a > 0 and

b > 0 , then -. < 125- .)

2 4
[page 260]
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4 4 36
(,)" 13. 13335 4 1.thus, 13 > .

= 3.3?3.5

(c) > , because 2-5g- >2? (If a > b , and a > 0 and

b > 0 , then i1 <

287

6 5 5 6
(-) 27 > 27 ,-T7 > 43 ; thu-.. , > 4 iii

}(b) .3. _ 4'
4 <

5

7 3.7

) 6 23 3
2.22.2 '

3.2:2-2 2.2 .2 '

6
Thus, TE; = -294

(d) 4. 44-g 132-?T.

(transitive prop-
erty of order)

11 1 143 - 12 131
1213 12.13 '

Thus, (. +
(17 < Ts) .1 1) 1

-
1

5. There is no algebraic approach. What we want is a number

which has the largest possible proper factor. By inspection

we decide 2 x 47 = 94 will do, because the next larger prime

is 53, and 2 x 53 is too large.

Thus, John and Bob could ask for 94 + 47 = 141 cents.

6. 97 plus its largest prime factor 97 is 194 cents.

*7. 4.600 = 200; therefore, 200 + 4-2 of anything is better.

200 +-12--2 (700) ? 1(700) ,

T.(2)
200 ? 200 +4 ,

200 + g2 > 200

Thus, $200 +42- of sales is better.

[pages 260-261]
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Thus, 1

1000 1000
200 + -1-2- ? -7- '

200 + 1000 IwoTr ? 200 +-r ,

1000 1600200 + n < 200 +in ,
of sales is better.

If his sales amount to s dollars, then

1 1200 - Tr =...3s

2400 + s . 4s

2400 . 3s

800 = s

His sales must be $800.

10-5. Some Facts About Factors

Another application of prime factorization of iniegers.is

presented in this section. Find two factors of 72 with the prop-

erty that their sum is 22. This might seem like a game to the'

student, but we have a serious purpose. This is the kind of

thinking which is done in factoring the quadratic polynomial

x
2 + 22x + 72. Not only will the prime factorization of integers

be useful later in factoring polynomials; it will provide the

pattern for developing the properties of polynomials. The student

will see that whatever properties he discovers for integers,

analogous properties will be discovered for polynomials in Chapter

12.

.There are two theorems on which we base a systematic approach

to divisibility of integers. These theorems are:

10-5c. For positive integers a, b, and c, .if a

is a factor of b and a is not a factor of

(b+c), then a is not a factor of c.

10-5d. For positive integers a, b, and c, if a

is a fattor of b and a is a factor of (b+c),

then a is a factor of c.

(pages 261-26]
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Theorem 10-5a is introduced to give the student the idea of

proving theorems about factors. Theorem 10-5b is the generaliza-

tion of Theorem 10-5a and is needed in the proof of Theorem 10-5c.

The proofs of Theorem:10-5b and 10-5d are left for exercises, so

their proofs are found in the Answers to Exercises 10-5, problems

7 and 8.

Let us apply Theorems 10-5c and 10-5d to the problem of

finding two factors of 72 whose sum is 22. The prime factori-

zation of 72 is 2x2x2x3x3. If we represent the factors of 72

as b and c, we observe that b and c must have a prime fac-

torization consisting of 2s and 3Is. The question is, "Should

all of the 2Is go into making up b or should they be split

between b and c?" Theorem 10-5d answers this question. It

says, "If 2 is a factor of b and 2 is a factor of b+c, then

2 is a factor of c." So the key is the sum, 22. Since 2 is

a factor of 22, the 2Is must be split. Theorem 10-5c tells us

that since 3 is not a factor of 22, 3 is not a factor of c

(or b). 'That is, the 3Is are not split but must go to one

factor. Thus we have the following possibilities:

2 x 2 2 x 3 x 3

2 x 2 x 3 x 3 2

But 2x2x3x3 is already larger than 22; so that possibil-

ity is eliminated. If the problem has a solution, the required

factors must be 2 x 2 and 2 x 3 x 3. These are the factors

4 and 18 and their sum is 22.

Some teachers find it helpful to use a pattern such as the

following to help the students visualize what factors go unere.

72 = 2x2x2x3x3

) + ) = 22.

The factors of 72 which are before us have to be distributed in

the two spaces to make a true sentence. The discussion of putting

all the 3Is in one space and splitting the 2Is between the two

spaces helps decide how to make the distribution.

[pages 261-263]
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Answers to Problem Set 10-5; pages 264-266:

1. 12 = 2x2x3

(2x3) + .(2) = 8 2Is split for an even 1.2m; Theorem 10-5d.

The numbers are 6 and 2.

(2x2) + (3) = 7

(2x2x3) + (1) = 13
2Is together for an odd sum; Theorem 10-5c.

The numbers are 4 and 3, or 12 and 1.

2. 36 = 2x2x3X3

(3x2x2) + (3) = 15

3Is split for divisibility by 3; Theorem 10-5d.

21s together for non-divisibility by 2;

Theorem 10-5c.

The numbers are 12 and 3.

(2x3x3) + (2) = 20

21s split for divisibility by 2; Theorem 10-5d.

3Is together for non-divisibility by 3;

Theorem 10-5c.

The numbers are 18 and 2.

(2x2) + (3x3) = 13

2Is together for non-divisibility by 2;

Theorem 10-5c.

3Is together for non-divisibility by 3;

Theorem 10-5c.

The numbers are 4 and 9.

3. 150 = 2x3x5x5

(a) With one factor 2 it is impossible to obtain an even

sum.

(b) (5(3) + (5x2) = 25

(5x3X2) + (5) 35

The numbers are 15 and 10, or. 30 and 5.

28

(page 264]



291

(c) (5x5x2g3) + (37) = 151

(5x5x2) + (3) 53

(5x5x3) + (2) 77

(5x5) + (3x2) 31

The numbers are 150 and 1, 50 and 3, 75 and 2, or

25 and 6.

4. 18 = 2x3x3

(3x2) + 3 = 9

The numbers are 6 and 3.

(3x3) + 2 = 11

The numbers are 9 and 2.

5. (a) 288 = 2X2x2x2X2x3x3

(3x3x2) + (2X2X2x2) 18 + 16 = 34

(b) 972 . 2x2x3x3X3x3x3

(2x2) + (3x3X3X3x3) 4 + 243 . 247

(c) 216 = 2X2x2x3X3x3

(2x2x2K3X3x3) + 1 = 216 + 1 = 217

(d) 330 r. 2X3x5x11

(3x5) + (2x11) = 15 + 22 37

(e) 500 . 2X2x5x5x5

(2x5x5x5) + 2 252

Since this is the only possible arrangement which

gives a sum which is even and not a multiple of 5 and

since 252 W 62, the problem has no solution.

(0 270 = 2X3x3x3x5

(3x3) + (2x3X5) = 9 30 . 39

. If the perimeter of a rectangle is 68 reet, then the sum of

the length and wtdth is 34 feet. The produCt of the length

by the width is 225 square feet. Thus we want two factors of

225 whose sum is 34
225 = 3x3x5X5.

(3x3) + (5x5) = 9 + 25

The length of the field is 25 feet; the width is 9 feet.

[page 264]
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7. If a, b, and c. ane,==itive integers, a is a factor .ar

b and a is a factnT c, then a is a factor of b + c.

Proof: b + c = ap + acr where p and q Are integersbv-
definitil 4tHA. 2r4-ctor

= a (p by the dtitr::it,-,atTt-ve property

Sina p + q is an 1777tz., a is a of b + c.

'For asitive intege: a and c, if a., is a factor.of

b and. a is a fa:-1 (b + c), then a. is a factor of

Proof: ap = b + a, an integer, because a is a facto:

o b + c,

and a.q = b 0 al an integer, because a is a facto:.--

b.

Hence a.p = a.q + c

ap + (-aq) = c 7Adition property af equality

a p + (-q) = c distribUtive property

Since the integers have closure with respect to addition,'

(!, + (-q) is an integer.

Hence a is a factor of c.

9. By Theorem 10-5b since y is a factor of both 3y and y2
,

y is a factor of 3y + y2 . The distributive property could

also be used to display y as a factor.

10. By Theorem 10-5d, if 3 is a factor of 6 and 3 is a

factor of 6 + kx then 3 is a factor of 4x. 3 is a fac-

tor of 4x for any value of x which is a multiple of 3.

11. If x is the number of store jobs and

y is the number of house jobs, then

50x + 150y is the number of cents earned.

Since 3 is a factor of 150y and we want 3 to be a factor.

of 50x + 150y, then 3 must be a factor of 50x by

Theorem 10-5b. This is true if x is a multiple of 3.

*11. 50x + 150y = 50 (x + 3y)

Since 2 divides 50 and since 4 must divide the expression

50 (x + 3y), we must select even values of x + 3y. If x is

[pages 264-265]
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.even then 3y must be j ale-crem 10-5d. This is trtl

when y is even. If 7.: 7c,. oda -:len 3y must be odd, tce

if a sum of two intege iveln the integers must be eilmer

both even or both odd. ,Ty 11.5 when y is odd. Thus if

the boys accept an even 1:::..,ber c store jobs, they must a=ept

an even number of house j i they accept an odd number of

store jobs, they must acce17.: zdt number of house jobs.

12. This set of questions is 1. ;co give.mcre meaning to the

theorems in Problem 13 bT ,ltng ;he student through some

.particular cases of them. -.71 5.q»,77t. (h) although 3 is a:factor

of 135, this fact does n. ,N;;:-Jaol" from the information given.

(a) yes yes

(b) no s

(c)- yes 9.:) 7es

(d) yes (b.', no

13. (a) Since a is a factor :Yr J and b is a factor of c,

there exist integers and m such that

an = b and lt741 c.

Multiplying the members of the first equality by m, we

have

(an)m = 7mm,

and noting the second ecuality, we have

(an)m:. c.

By the associative Proper= of multilaication,

a(nm)

Thus, since nm is an. _111=2r by the closure property,

a is a factor of c.

(b) Since a is a factor of b and a is a factor of d,'

there exist integers n and m such that

an = b and cm = d.

al

[1.--sn 265]
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Thus, (an)(cm.) and (bd) are names for

(anl,(cm) = bd

au(nm) = bd, by associative
properties.

Thus, since nm is an integer, ac is

(c) is a Special case of (b)

the same producrt::

and commutative

u factor of bth

integer n sucL(d) If a is a fa.ctor of b, there exists an

that

an = b.

Then (an)
2

and b
2 are names for the same product.

That is

a2n
2 = b2 .

Thus, since n
2

is an integer by the closure property,

a2 is a factor of b2.

14. (a) Theorem (c) (d) Theorem (c)

(b) Theorem (a) (e) Theorem (c)

(c) Theorem (c) (f) Theorem (b)

10-6. .Introduction to Exponents

If your students have not already demanded a shorter way of

writing 2x2x2x2x2x3x3, the exponent notation :a now introduced.

In the definition of

a
n =aXaxax ...X a,

n factors

be careful to say, "a used as a factor n times", not "a

multiplied by itself n times". Consider the meaning of each

of these ph:rases: Two used as a factor 3 times means 2.2.2 ,

which is etght. Two multiplied by itself 3 times means

= 4 , 2 multiplied by 2 once,

4.2 = 8 multiplied by 2 twice,

82 = 16, multiplied by 2 three times, or 2
4

.

Clearly, saying "multiplied by itself" can lead to confusion.

[pages 266-267]
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Answers to Problem Set 10-6a; page 267:

1. 25 square inches.

The words "squared" and "cubed" originatad wita tte use of

these operations-70-obL4in respectivel:- the areas of squares

and volumes of oz.tas.

2. 64 = 28; 60 = 22-35 80 = 24-5; 48 = 24.3 123 . 27;

81 = 34; 49 = 41 la prime; 32 = 25; 15 . Z-5; 27. 33;

29 is prime; 56, 23.7; 96 = 253; 243 = 3; 32 = 24.33;

512 = 29; 576 . 26-Z2; 625 = 54; 768 = 28.3; 686 . 2.73.

3. n must be a positive integer; a can be any real number.

*4. In different notation, we have used this example before, in

Chapter 3, to show a non-commutative operation. It is not,

in genenal, true that ab = ba. After the students have-dis-

covered this fact, it might be fun to ask them to discover

two unequal posi-tve integers a and b for which the latter

equation is actually true. There is, in fact, only one such

pair, a = 2 amd b = 4, but the proof of this is beyond the

present course.
bcThe operation would be associative if ka I were to

equal a
(bc)

. This, again, is not true in general, as an

example will show.

The one property which holds for exponents is that expo-

nentiation is distributive over multiplication; that is, that

(ab)c= ac.bc . We are not going to make any pLnt of this

terminology, particularly since wa have never been careful to

call the usual distributive law the distributive law of multi-

.plication overaddition. One trot-tie which students have with

exponents is that they often emsbne a 'Zictitious,law which

distributes exponantiation over additIon; it just is not true
ac abc.

that (a + b)c +-bc. Nor is it truethat ab

[pages 267-268]
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The ge,teral result

aman = am
4. n

can e thought or as a direct cotaquence of the deft-

nitf= of exponprts. Since we dx:0-416-% to abbreviate

a.a.a es a (nftnrtors)

to aP , parenthes:arbitrarily (by the

associative 727.-.7-ty of multipli.c=',:on) to write

n factors

(awe. (a.s. - a), p f=tors .

Then p = m ± n, and we abbreviata,thic to

aman ap =
am + n

Answers to Problem Set 10-6b; peges 268-269:

1. (a) x2a + a(h)

(b) x12 (i) 3
6

(c) 2x3 Ci) 34.23

(d) kx (k) 27.35.53

2 4 x4 ) 24a + a

3 3 5
37ak (=) 3

(g) 2
gal° 32

t2

2. 8 + 27 = ?5

53 = :225 false

3. (2333) = (2.174;1 ..E3 true

14. 2 di-r1 des -fa-, 2 div-ler, 23, so = must divide 33 by

Theorem 10-5c..

5. false 2

6. 3
false

false

3 4

[pages 268-269]
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3 = 2

3
(1 + 1)

2
3
.2

= 2
4

distributive pro:zerty

false

8. true; by the distributive property,

9 33 + 33 = 33(.1 + 1) distributiv- przertJ
. 3 3

.2

297

2 [1 + 1) = 2
4..

false

10. true; by the dt-tribirtive property, 3
3 3

3 + 3 3 =

33(.1_+ 1 +1) . 34

11..fa1se; 43 + 43 + 43 = 43(1 + 1 + 1) = 43.3.

12. true; by the distributive propert.T, k3 ÷ 43 + 43 343 =

Problems 7 - 12 illustrate a general result mancerntrE

powers of integers, namely a.anl = an. Your students may

possibly discover this for thellilves When they notice that

43 + 43 43 4. 43 =

13. (a) 23(22 + 2) = 24(2 + 1) =

(b) x2(2x3 + x2) = 2x5 + x4

(c) 2x3(2x2 - 4x3)

(d) -3a4(32a3 ,

(e) (a2 + 2a3)(a a2) = + (a2 + 2a3)(-a2)

4
= a- + aa- - a - 2a5

3 it

= a + a - 2a-

3 5

ripage 269]
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10,-7. Further Properties of Exponents

We want to show that the rules for simplifying fractions con-

taining powers can be generalized, but you need not emphasize these

rules. The student should be encouragi to think an the basis of

the definition. For example:

x y

The student should reason, "There is one factor x the numer-

ator and two in the denominator; this ±s the same as just one

factor x in the denominator becau 4= 1. Thene are three

factors y in the numerator and two factors y in the denomina-

tor; this is the same as one factor y in the nUmermtor, since

2
Zff = 1. Avoid the use of the word 'cancel", but don't treat the:

word as a "dirty word" should it come:from a student. Just reqtfre

the student to explain his use of the word In tams af tte theamem,,

= 1, (a4 0).

Answers to Problem Set 10-7a; pages 271-272..:

(e) 24 = 6

2z 7

(g) 73-

?(h) 3§-

(h) (e4

1. (a) 2

(b) .22a

(c) 1

(d) (4)3= 437

2. (a) a2

4

3. (a) +

4. (a) -.75-5.

a`e

4
(h) 3h2 --3) i. 'ta)

(b) a
6
b
6 ,

c c

[pages .269-272]
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8. False.

6

2169. ,False.

81 81= 7.6

h3 3.3
11. True. = 1

12. True.
3 3

a-3) 2 .3
2
3k

3 3

13. The reciprocaa of zero is not a number.

:Page 272. lie:need:negative exponents later in the course in 9174er

to:write numerals in standard form. By studying the left side of'-:

the table, and filling in the right side of the table by formal

10. True.

(b)
+ x

25x

(b) 6b

6 3
(b) Yir

17x ab

299

application-of
'a
m

=
m-n u

a , we believe the students can answer

-questions about a0, a 1
, and a

-2
. It should be understdod

that 20 and 2-2 have no meaning so far; but, if we define:20

to name.the same number as 1, and if we define 2-2 to naMethe

same number as 2:7 , then 20 and 2-2 become meaningful in

'.terms of previously meaningful symbols. SO, if we 4efine :-Et9= 1
n 1

. .

4;14: a- == , for a 4 0 and n -a positive integer,then'the
a"

only rule necessary for division is = a
a-

(pages-272-275]
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If your students find our reasons unconvincing for defining nega-

tive and zero exponents the way we did, ask them to complete the

following table.

n -3 -2 -1 0 1 2 3 it

2n
-

2 4 8 16

They may get some satisfaction Zrom observing that they can
1take 7 of each number in the second row to obtain the number at

its left.

Answers to Problem Set 10-7b; pages 275-277:

1. (a) 32

(b)
3.

(c) 1

(d) b2

(e)

2. (a)

(b)

(c)

(d)

(e)

1

107

.007

aiLia

%

(f)

( g )

(h)

(i)

1

8y

34

2

1

5

2y 2x

(pages 275-276]
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3. (a) 93 millions of miles

(b) 9.3 ten millions of miles

(c) 9.3 x 107 is another name for 93,000,000

4. (a) 10
6
+ 1

(b) 9a3 + 3a

(c) a
3 + 9

1
(d) a

2
+ 2 + or a

4
+ 2a

2
+ 1

a
2

a
2

(e) a2 - 1 or
a2 a

2

5. (a) 6 (c) -8 (e) It (g) 9

(b) -2 (d) 14 (f) -3 (h) -2

Problem 5 gives some experience which may be helpful to the

student when he reaches Section 11-5 on square roots.

6. If n is a positive integer and a 0, then a
n 1=--.

a
-n

Proof:
-n 1

a = by definition
a

a
n
-a
-n

= a
n 1

multiplication property of equality
a
n

an'a-n = 1 definition of reciprocal

Thus a-n is the multiplicative inverse of an

. We have proved

m n mi-n where(a) a -a = a m, n are posItive integers

a
m

(b) = am n where m, n are positive integers
a
n

39

(pages 276-2771
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To give meaning to a
m - n

-n
a =

1

an

n
To give m6,aning to a

a
0
= 1

wham m < n we have defined

where n is a ppsitive integer

when m = n we have defined

To prove aP.aq = aP q for all integers p and q we

conatder the following Pmees:

(1) p amd q both positftve

(2) either p or q, nomitive and the other negative

(3) P and q both nezemive
(4) either p or q =ero and-the other non-zero (both zero

is trivial)

Case (1) Proof: Same as

Case (2) proof:

Assume P > 0 -==t- < 0
If .q < 0, then -.),,=10

P aConsider

aP-aq = aPa.7-q) a = -(-a)

p 1 -n 1
a == a

-77I a

= aP a 1

a
-q

a = a - n

a
n

D q= a- a - b = a + (-b)

Case (3) proof:

If p < 0 and = <0, then -p > 0 and -q > 0.

Consider aP°aq

ipage 277)
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p q 1
a *a =

a-P
1

a

= a- P + q) '

= aP + q

an

a
m
'a
n

= am
+ n

1
a
-n =

a
n

Case (4) proof:

Assume p 40 and q = 0

Consider aPfaq

aPaq = aPaP q = 0

= ap 61 a
0
= 1

= aP a°1 = a

ap + 0
a + 0 = a

= ap + q q = 0

Once we have established that aPaq = aP q for all integers

p and q we can consider division as multiplication as shown

below.

Page 277:

thus

a
p 1

= a
pa-q

, a = an
-n

and a
n
=

a
-n

a
q,

3

0-0 means 0) (sa) (46) ;

3 3

0.31)

(a2b3)3 (a2b3)(a2b3)(a2b3) (a2.a2.8.2)(b3.0.0)

(a2+2+2)(b3+3+3);

thus (a2b3)3 = a6b9.

[page 277]

4 1



304

The general result,

(ab)n = anbn

is true because (ab)(ab).... (ab) may be rewritten as

(a.a a) (b.b b)

by the associative and commutative properties of multiplica-;

tion.

Answers to Problem Set 10-7c; Pages 277-280:

1. (a) 9a
6

(b) 3a6

2. (a) "1,52 (b) 5-2--c2

3y' 3y

3. (a) a (b) -a

(c) 27a6 (d) 3a9

1_

(c) a2 (d) -3a3

Notice the difference in meaning between (-3)2 and -3
2

.

The first means (-3)(-3), which is 9. The second is the

opposite of 32, which is -9.

4. (a) Y2 (b) 1

5. (a) - (b) 1z3.5

6. (a) yg. (b) 1

7. (a) xa (b) x3a

8. (a) (b) xy
2ar4

9. (a) yes =4

(b) no 4

,2_2 52a2
(e) Yes '2761-1t

rb0
0
"

(c) 16

(c) z15

(c) /11a9

(c) x6a

(d) no 4
7 ,

(e) yes Theorem 10-5b

(f) yes Theorem 10-5b

(g) yes Theorem 10-5b

4 2
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10. (a) Suppose 3 is the number.

(3) 36

2(3)2 = 18 They are not the same.

(b) If x is the number

(2x)2 = 4x2

2(x)2 = 2x2 They are not the same.

11. (a) Area of a square of side s is s
2

=Area of a square of side 2s is (2s)2 4s2

The area of the larger square is four times the area

of the smaller square

(b) s
2 and (3)2
The larger square has nine tlmes the area of the smaller

square.

(c)

s2 s2 s

2S -->

12. (a)
4477.

11 + x

6x2 ,

(c) c-613-a2z'
30a

(d)

(e)

4 3

S S

3 S

be + ae + ab
a e

[Pages 278_079)
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13. Prove: If a
2 is odd, then a is odd.

Proof: Assume a is even. Then a = 2q where q is some

positive integer. Then a2 = 4q2, and a2 is even. But this

is contrary to the given hypothesis; therefore, a is not

even. Therefore a is odd.

14. Prove: If a2 is even, then a is even.

Proof: Assume a is odd. Then a = 2n + 1, for some posi-

tive integer n. Then a2 = 4n2 + 4n + 1 = 2(2n2 + 2n) + 1.

Hence, a
2 is odd, contrary to the given hypothesis. Thus,

a is not odd, and a is even.

15. He sure to have student change fractions to lowest terms

before substituting numerical values.

(a) (-2)(2)2(-2)2(3)2 = -288

(b) (-2)(2)(-2)(12 = 576

6) -4a d (-2)(2)(-3)

6b2a3 3b2 3(-2)2'

3a2 _3(2)2
1

b2c2 (-2)2(3) -3

(e) (2)3 + (-2)3 8 - 8 0= 6 o
(2)3(-2)1 -26 -2

(2 - 2 + 3)2
.22 (..2)2 (3)2

16. (a) (x2 + 1)(x3 + x2 + 1) = x2(x3 + x2 + 1) + 1 (x3 + x2 + 1)

5 4 2 3=X +X +X +X +X2 + J.

= x
5 + x + x3 + 2x2 + 1

22)(3a
(b) (2a3 - 2b2) = 2a3(3a2 2b2) - b2(3a2 - 2b2)

= 6a5 - 4a3b2 -
3a2b2 2b4

(page 280]
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(c) (2x - 3y)(2x - 3y) = 2x(2x 3y) -3y(2x - 3y)

= 4x2 - 8xy - 6xy + 9y2

= 4x2 12xy + 9Y2

(d) (a + b)3 = (a + b)(a + b)2

= a(a + b)2 + b(a +

= a(a2 + 2ab + b2) + b(a2 + 2ab + b2)

= a3 + 2a
2
b + ab

2
+ a

2b + 2ab2 + b3

= a3 + 3a
2
b + 3ab

2 + b3

In this and the remaining chapters we are not including a

chapter summary in the text. With the experience the student

has now had he can make his own summary and it is much more

valuable for him to do so.

Answers to Review Problems

1.

2.

3. 130 is divisible by 2

131 is not divisible by 2, 3, 5, 7, nor 11 so 131 is prim.

4. If x is the integer then

4x = 10 + 2(x + 1)

The integer is 6

5. (a) The solution of the equation is 93, but 93 is 4ivisi-

ble by 3 so the truth set is empty.

(b) (139)

(b ) 192

(d)

(e)

(e)

In -6- 18(a)

(b) 4.7g

(c)-,2-5

(a) 34

3

3a2 - 2a + 8

_12a

-32c:5 (a) 4-

(pages 280-281)
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(0) If there is a prime for which

3x
2

< 123

then x2 < 41 where

x < 7 where

x2

x

is an integer

is an integer

the primes less than 7 are (2, 3, 5)

The left member is 3(2)2 . 12 when x is 2.

The left member is 3(3)2 = 27 when x is 3.

The left member is 3(5)2 = 75 . when x is 5.

Thus the truth set is (2, 3, 5).

(d) If there is a prime such that

Ix - 101 < 3

then 7 < x < 13 is an equivalent sentence.

Thus the truth set is (11).

6. (a) 6a3

(b) 7rFc

7. (a) a3 + a2

(b) x3y2 xy5

(c) 6x3 + 3x2

(d) mn2 - m2n

8. (a) either

(b) either

(c) even

(d) odd

(e) even

(0 odd

(g) even

(h) odd

(i) odd

(j) even

(e) 27a3

(f) 104

(e) a3 + a2b + ab2 + b3

x + x2

(g) 2 +1 +tt

(h) x3y3 + xy2 + 2x2y2 + 2y

since 2 divides 2
10

but aoes

not divide 3
10

.

since 2 divides both 2
10

and
610.

(a), (c), (e), (g), (h) and (k) are non-negative

4 6
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10. If x is the length of the side of the smaller square, then

x + 1 is the length of the side of the larger square, and

(x + 1)
2 x2 = 27

The length of the side of the smaller square is 13 units.

11. If x is the number of nickels, 41 x is the number of

dimes, and

5x + 10(41 - x) = 335

Thus, Bill has 15 nickels. The information about his saving

for 27 days and having more dimes than nickels'is unnecessary.

12. If Sam can ride d miles into the hills, then he will ride d

miles back, and

d d
18. 372" 5

The distancE is 24 miles.

Chapter 10

Suggested Test Items

1. Find the prime factorization of 129, 315, 401, 3375 and 5922.

2. The next prime number after 103 is what number?

3. Why is the product of any two prime numbers which are each

greater than 2, always an odd number?

4. If 5 is a factor of A and 15 is a factor of B, name a

factor of A + B.

5. If 3
10 + x = 123456 is a true sentence, explain why 3

a factor of x.

6. If 210 + x = 85631 is a true sentence, explain why 2 is

not a factor of x.

7. Find two numbers whose product Is 108 and whose sum is

divisible by 3 but not 2.

[page 282]
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8. Find two factors of p whose sum is s for each of the"
following: .

96

36

72

80

352

1800

20

13

27

18

38

85

9. Which of the fallowing are true.? Explain why or why not.

(a) 2333.--. 63

(b) 23.32 = 65

(o) 23 + 22,.2

(a) (23.2)2.= 27

(e) 20 20

(f) "2-182 = 2

(g) (22)-2 . 1

(h) 23 + 22 . 25

10. Simplify (explaining restrictionson the domains of the
variables.

16.3 x y
-1(d) + 1

23.27xy
71

i v
v
2

(b) 2x3y
4xy

(2x) 3y
4xy

(e) (x2 + y)2

(0 a-1 + b-1 + c-1

11. The squares of two successive integers differ by 11. What
are the integers?

4 8



Chapter 11

RADICALS

Having prepared the way by factoring integers and studying

'exponents, we proceed to a study of radicals. We shall learn how

to add and multiply them and how to simplify them after deciding

what "simplification" means for radicals.

Me method for finding approximate square roots will be the

iteration method which consists of an initial estimate in standard

form and its subsequent improvement. It is possible to prove,

although we do not do it in the text, that this method converges

in...the sense that each new approximation is better than the pre-

vious, tnd it is also possible to-show the error of each approxi-

mation.

One of the important consequences of our work on factoring of

integers is that we are now able to prove that v/7 is irrational.

We have assumed from:the beginning that .4T is a real number, in

fact that 11,1N is a real number for any, positive integer n and

any.non-negative real number a. Our list of basic properties

listed in Chapter 8 lacka one property,which would be needed to

prove that yr" is a real number. In this course, we assuM0 that

is a real number and then prove it is not rational.

For a proof of the existence of and the uniqueness of

VT., see Studies in Mathematics. III, pages 5.7 to 5.12.

Students who have studied the SMSG 8th Grade Course will have

been exposed to some discussion about rational and irrational num

bers and to a proof that V/TE is irrational. They will also have

worked with standard or scientific notation.

11-1. Roots

There is litcle confusion over the symbols ,179; .1=97, and

- .17; but as soon as a variable appears under a square root

sign we must,be careful. The difficulties come from the fact that

4 9
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the square root symbol always indicates-the pomitive square root

and that the radicand must be non-negative. Consider ../-17

.a is positive or negative, a
2 , the radicand, is positive. Thu41. .

N/7 = a is true if a is positive-but false if a is negative.

The true equation is

N/7 = lal .
Examples are:

.19x2 = 311

= 1-31 = 3

(a + b)2 = la + bi

Suppose we have a radical such as N/T:Cii In this expression a

must be non-negative; the definition of a root requires it. If

a were negative we would have what is defined in a later course

to be an imaginary number. Some examples are

173:5- = N/(9x2.x = 31x1 'VR7, but since x must be positive,

= 3x ..,/7

NAx - 1)3 . lx - 11 vni7=7T = (x -.a) Nix - x 1

Page 281 If. x = 17, then x2 = 289.

If x = .3, then x2 = .09.

If x = -2wa2, then x2 = 4w2a4.

The truth set of x2 = 49 is (7, -7).

The truth set of x2 = .09 is (.31 -.3).

The truth set of x
2
= -4 is 0.

Notice that the sentence "x2 = n, n 0" has truth set

(Ili, -"El, where the sumbOl "v7ff " indicates the positive square

root and "-Niii" the negative square root. Do not allow a student

to confuse rii with the statement "find the numbers whose squares

are n".
[pages 283-284]
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Answers to Problem Set 11-la; pages 284-285:

1. (a) 2

(b) -11

(c) 1-31 = 3

(d) 1.5

313

2. (a) yes (b) no,V1(-3)2 is positive, -3 is negative.

3. (a) yes (b) yes

4. If 0 < a < b, then exactly one of these is true: vrE =

N/76: >,/-7 , , by the comparison property. If

17i = , then a = b, cOntraiv to hypothesis. If

.41-71 , then a > b, contrary to hypothesis. Thus, the

only remaining gr:zsibility is vri.7

No. x is positive; so x + 2 > 1 for all values of x .

6. ,N,/(2x - 1)2 = I2x - 11

(a) x < 2x < 1, 2x - 1 < 0, 12x - 11 . -(2x - 1) = 1-2x

(b) x > 7.12 2x > 1, 2x - 1 > 0, 12x,- 11 = 2x - 1

(c) x = 2x - 1 . 0, 12x - 11 = 0

*7. The trouble with the "proof" can be best explained by

inserting another step.

(a - b)2 = (b - a)2

1/r(a b)2 = N/(3 - a)2

la - bl = lb - al,

x if x > 0,
because 4Jrx2 = lxl. lx1 =

-x if x < 0.

[pages 284-285]



a b 0, then b - a < 0.

a - b = -(b

a - 12=. -b + a.

ab=a-b
- b ,p, then b a->_0.

-(a - b) =i2.

-a +b=12.- a
- a.= b.

..Page, 285. If x = 2 then. 20' = 8.

If x = -.3 , then x = t.027.3 -

If x = a2 , then x =1-6a

The truth set of x3 = 8 is (2).

The truth set of x3 . -.072 is (-.3).

The truth set of xil = 16 is (2, -2).

Help the students recognize how they:can. find a cube roo
. ,

the number contains the same factor three times,:the4can: find

fourth root if the number contains the same factor fOurtimee,

Be sure that the students see why, in Problem 4

= x , but Al2t2 = ixi .

We should not devote much time to higher roots,-since we do

not have fractional exponents to simplify our work. The mork .in,

the rest of this chapter is more important.

Answers to Problem Set 11-lb; page 286:

1. (a) 3 (b) 3 ( ) 3

2. (a) 2 (b) 10 (0) 9

3. (a) x (b) lxi (c) lxi

4. (a) -5 (b) -2y (c) 2y

5. (a) -13 (b) 1-131 = 13 (0) 132

(pages 285-286]
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(a) .2 (b) (c) .6

7. (a) (b) ,bX0
b3

(c) la /

8. (a) 402 (b) x 3y (0) 3

9. .,i/T6

4f---
, ./10, 000 3,4/70-5- , .N/ x2 =

*10. The fourth root of a number a, it57, is that number which

when used as a factor 4 times will yield the number. a.

Similarly, 1:1117, where n is positive, is that number which

when used as a factor n times will yield the number a.

When a is negative and n is odd, the nth root of a will

be a real number.

Example:
3

-3.

11-2. Radicals

The proof that .12 is irrational which is presented in this

section is interesting when we realize that here is a significant

mathematical fact which can be proved at this point just.on the

basis of principles which have been developed in this course.

Assume there are positive integers a and b such that

= VT, where b 0, and a and b have no common
factors.

2
Then (t) 2 Definition If x = VW, then x2 = a.

2a
2

. 2 since (11) = a2
;

b
2 b"

a
2

2b
2

, by multiplying both sides by b
2

;

a
2.

is ever). (a
2

and 2b
2 are names for the same number,

but the name 2b
2 clearly shows a factor of

2.)

(pages 286-289)
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is even,

a = 2c

= 2b2

by theorem of Problem 14, of -Problem .Set
107c.

If a is'even, then there is a postttVe,,
integer c such that a ia twice

by replacing a by 2c in tile equation

a
2 = 2b

2
above;

:2c
2 = b

2
, by divibIng both sides by 2.

2 2
b is even, stnce 2t has a factor of. 2,

same number.

b is ever.

Npw 2 is a factor of both a and b, which contraditts our:-

-initial assumption that .a andL b .had no coMmon factors. :Hencei

Tap: is true for every pair of integers a and bp b 0.

Theorem 11-2. ,AT is not a rational number.

.4/T is named an irrational number. The set of rational numbers

and the set of irrational numbers together make up the real

numbers.

The 'simplest method ofseeing that the square root of any

positive integer which is not a perfect square, is in'fact irra-

tional, is a bit different from what we did for VT-. The argu-

ment proceeds as follows. We give it for your information...

Let -fir be the number we are talking about. If n has any

proper factors which are perfect squares, perform the square root

operation on them (we shall be teaching this technique, and .the

reasons for it, in the next lesson). What is left inside the

radical, then, is a product of distinct prime factors, each of

them appearing just once. .For example, if you were dealing with

IT-15 , you would first write it as 31/5 , and if we can show

that VT is irrational, then NAT; certainly is also.

Thus we have a new integer, say m, inside the radical, and

is the product of prime factors each of which appears only once.

5 4
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Suppose that .,,/7 were rational, say t If we multiply out,

we find a2 = mb2. Now let us "count" prime factors. b2 is a

perfect square, and hence., in its prime factorization, contains

every prime factor an even number of times. But then, in mb
2

, the prime factors of m will appear an odd number of times, since

m has every prime factor just once in its own factorization.

ThUS, mb2 'cannot equal a perfect square which a2, however, is

supposed to be. Tnis is a contradiction, and tnus the square root

of any positive integer not a perfect sqUare is irrational.

Now, however, we are in trouble. Tnis proof, you see, is

easier tnan tne proof we nave given in the text for the irration-
.

ality of VT. Not only is it easier, but it works in many more

cases. Why then did we go tnrougn all the evens and odds argument

witn tne students to prove the irrationality of ...015:

The answer may not mean much to most of tne students, cut it

means a great deal to mathematicians, and yOU snould know what it

is. You see, we have never proved the unique prime factorization

theorem. We gave examples, we made it seem plausible, we have no
4

hesitation in using it, but we have never proved it. Thus another

proof which depends on the prime factorization is not really a

proof either, it is just a convincing argument, if you like, that

the result is true. A proof, like a chain, is only as strong as

its weakest link. The proof in the text for:the irrationality of

did not use prime factorization, and thus, in a sense, it is

a better proof than the argument we just gave for the irrationality

of square roots of non-squares.

What do we want the students to know and to use? Prime fac-

torization is important, we have used it throughout this chapter,

we will continue to use it. We want the student to use it in

L.C.M. problems, in factoring problems, any other place he likes.

The purpose of this discussion has been to prepare you in case the

student finds this other proof of irrationality of square roots.

5. 5

[pages 286-289]
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'Many things in this course have not really been proved, and

the point of the proofs in this course is not at all to make:the

course rigorous, but only to show the student a little bit of the

nature of deductive reasoning, and to let him see that in a very

real way certain facts about the real numbers are consequences of
certain others. Only graduate students should be forced to go

through a rigorou6 course on the real number system.

Answers to Problem Set 11-2; page 289:

1. In the first exercise, all we expect the student to say is

that- since-the-square 'of '1 is 1; 'I is' too small -td-be-----

the desired square root, while, since the square of 2 is

2 is too large to be the desired square root. Since, however,

there are no integers between 1 and 2, ,,rdf cannot be an

integer.

1 1
2 . We wish to find a perfect square'between .75 and 75 If we

. . -. ..

write equal fractions for -j. and- .ff which have the same

denominator, the numbers are more easily compared. Thus, we
2 3consider -6, and z Since a perfect square rational number

a2 12 18would be of the form --p5 , we are led to consider 76 and 715.
b-

16Now it is easy to pick out the perfect square,

3 .
1 r-Assume 12-,2 = r, where r is a rational number.

Then .../,F = 2r is an equivalent sentence.

2r is a rational number since the rational numbers are closed

under multiplication. Since IT is an irrational number by

Theorem 11-2, 47. and 2r cannot name the same number. Thus
NTT= 2r is a contradiction and our assumption that r 18 a

rational number is false.

4 Assume .4/T + 3 = r , where r is a rational number.

Then 1-2-= r + (-3) is an equivalent sentence.

[page 289]
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Since the rational numbers close under addition, r + (-3)

i$ rational. But 4(7a: is irrational, so ./f = r + (-3) is

a contradiction. Thus, the assumption that .4./7a + 3 was

rational was false.

*5. Suppose ,(3 =.12 where p and q are integers, q 0,q, and p and q have no common factors.

Then
2

5 = 27, by squaring both members.

5q2 = p2 by the multiplication property of equality.

Since q is an integer, q2 is an integer.

Also, 5q
2 and p

2
name the same number, so 5 divides p

2
.

Therefore 5 divides p and p 5n, n an integer.

5q2 (5n)2

q2 = 5n-

This shows 5 divides q2 and thus 5 divides q. The

statement that 5 divides p and 5 divides q is a con-

tradiction of the assumption that p and q have no common

factors.

11-3. .Simplification of Radicals

Answers to ProblemoSet 11-3a; pages 290-291:

1. (a) '40 (b) (c) 3

2. (a) Nog (b ) 10 (c) 6

3. (a) , 'x is non-negative

(b) 157z7 , y and z are non-negative

(c) lxi x is any real number

4. (a) 0 (b) 40 (c) y2 where y is non-negative

5. (,ra)2 a for every real number a. ViT is defined only for

non-negative values of a. Thus (ra)2 = a is true for every

non-negative number a .

[pages 290-291]
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6. if 3,,ra: i8 we must show that (Va.. ../r6)3 i8 ab.

Proof: -13

3
)3 = (133 ) ) 3 (ab)n anbn

= oh definition of cube root

Thus /1-,T3 =

7. (a) 1-6-+ 4

(b) x + .1:5E , where x is non-negative

(c) + 1)
2
= (Nig + 1),5 + (.4ra + 1) 1

= a +.41E+1E+ 1

= a + 2Nig + 1, where a is non-negative.

(d) -1

(e) 5 +

(f) 11 +../T"

Answers to Problem Set 11-3b; page 293:

1. (a) 2,./3 (b) 5Nri (c) 5N/16 (d) 443

2. (a) 2,45- (b) ITO (c) 4 (d) 81a

3. (a) 14/T (b) 6Nri5 (c) 5,/n (d) 44

4. (a) 5VT. (b) 10 (c) 9 ../6-

5. (a) 364ri (b) 2,./77 (c) 114,47

8. (a) 5 (b) 12 (P) 7

7. (a) 2 (b) 5 3.,./7 (c) (d) 63../TS

r8. (a) 2 Virt, -2 114 (b) 9,./7, -9,IE (c) 2
3
Jr 7, no nega-

tive number

9. (a) 2*1-6.- lxi (b) 2x.167 for all non-negative numbers x

(c) 2x21.1-iST for all non-negative numbers x

[pages 291-293]
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10. (a) 4a2.1727 (b) 2a.ni for all non-negative numbers a.

(c) 21a1 0--

11. (a) VIFFX- and x is a non-negative number

(b) 25/xl

% 3
(c) x .s/r5i and x is a non-negative nuMber

12. (a) ixk/x2 + 1

(b) ix31

(c) x2 +.1x1

13. (a) (2,,n7c )(5,/g.)-c ) is defined only for non-negative
numbers x

(2 11-c )(5-/-6X ) = 1048x2 and x is non-negative

= 30x,/ g. and x is non-negative

(b) ( x2y )(R) is defined only for non-negative values
of y and a

(c) 100017Ti. and

14. (a) 4 (b)

15. (a) -3 (b)

16. (a) 2x2 = 32

= (31xli-)(Sr.1-1.) and a and y are
non-negative

= 31xly,5,7 and a and y are non-
negative numbers

x is a non-negative number

2 3,/-2- (c) 2 (a)

-3b ( ) -3c (d) 2
6

x2 . 16

is equivalent to

x = or

The truth set is (4, -4),

(b) (4,13-, -4 NIT )

(c) (4, -2)
[page 293]
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17. (a) 12.13 - 6 (b) 32 -

.Answers to Problem Set 11A-A; pages 294-295:

1. (a) .1,1 (b) vs-
2. (a) 41x1 (b) and a 4 0

lxi
3. (a) -5- (b)47; and y 4 0

4 (a) (b) and a > 0

(c)fr and x > 0 and y 0

21-6-

(C) ti7T

/ r-

k" IT'13
,.and y 4 0

(c)/Tipilf and a,4 0

(s) (b) Ikrti and m 0 (c) 4. and a > 0

6. (a) t .1175 (b) "4-4 (c)
lal ,fix and x > 0

7. (a) (b) (c) i55,AT

1-R7
8. To prove N/7- = for a 0 and b > 0 we must show

..

that is a square root o A This will be true if
b

4/70

(N)ET is by the definition of square root.

Proof.: fa" 2

()2
2

(1
2 x

. Y

a= definition of square root

since a positive number has exactly
one positive square root

60
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Answers to Problem Set 11-4b; page 297:

(b) 4 ( a ) 26" ,ig (d) 7-,1 4r1
Y

(b) 4,ii-G (c) ;-',17 (d) f
21v
1 _a---,

Li 1 I--(b) (c) .11-.0 (d) wv 3

and b 0 (b) 1
3./7-5-4 b and a 0 and

b > 0r .
( c )

lxi
3 v 2 (d) 6v5x and x > 0

x`

, a) 1 3,1-
( -2- k

1 .1---7(d) 10a arid a 02a

3
6 . (a) -36.72- (b) 37-5.- ,r5 and a .> 0 (c) 315-

1.

2.

3.

4.

(a)

(a)

, .ka)

(a)

--../5
3.

3.-(1/

/
2

5

323

7. ( )
6 (b) 3 (a) 1

8. (a) -2-- and x > 0 (b) - b and b > 0
+ b

(c)

(a) 5 + 2 I-67 (b) X + 213T + 1 and x 0

1(a) a + + 2 and a > 0 or a2 + 2a + 1a a

Answers to Problem Set 11-4c; page 298 :

1. (a) 3-../7 (b) 311 (a) 19.1-3-

2. (a) 3,/ 145/7-
-2- (a) +

3. (a) -131+ + 2 - 21-3 (b) 2A5 13-4

[pages 297-208J
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(a) 3./6+,16- (b), 3 3.16- (c) 17 trE

5. (a) 5,5 ( b ) a ITE 2a 15 (c) 0

6. (a) (15, -.15) (b) (25) (c) (5, -5)

11-5. Square Roots

There is some controversy as to whether the square root

algorithm or the iteration method of approximating square roots

is superior. We advocate the latter for the following reasons.

1. The iteration method can be made meaningful. It is based

on the definition of the square root: If x2 = n then

x is the square root of n. So the student must find a

number which when squared gives n.

2. The student is more likely to realize that fie is finding

an approximation to,vai , than when he uses the algorithm.

In fact, he can be taught to estimate the size of the

error.

3. The student is estimating his results; so he is not

likely to make a bad error without realizing it._

4. The second approximation can very often be done mentally;

always witlyvery little arithmetic. In many cases it is

all that is needed.

5. An easy division with a two digit divisor yields a result

in which the error is in the fourth digit. This is

sufficient for most purposes.

. The method can be completely judtified algebraically,

although the justification is not given in the student

text.

7. A formula for the error of any approximation can be

derived.

8. The method is ideal for machine calculation.

9. If 'the first approximation is obtained from the slide rule,

the second approximation is likely to be correct to 7 or
8 digits.

(pages 299-3031
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10. The method is self-correcting. Tha is if an error is

made, it will still give the correct figures providing

the error is not made on the last approximation.

One of the stumbling blocks that students have is the proper

placement of the decimal point. We handle this problem by intro-

ducing the standard form. We write every number in the form

a x 10
2p where 0 < a < 100 and p is an integer (2p is,

therefore, an even integer). The square root of a x 102p is

,rg x 10
p Thus, we are always finding an approximation to a

number greater than zero and less than one hundred. Aside from

-decimal point placement, the standard form has another advantage.

Square root tables of numbers from 1 to 100 are often avail-

able in the classroom. The standard form idea brings all numbers

within the scope of the table. You may want to teach square root

approximations from tables if you have tables available.

The standard form idea can be referred to the positive num-

ber line for visualization. Numbers between 1 and 100 are

Negative powers of 10 Positive powers of 10
a

100

already in the desired form or you can append a 100 to them.

Numbers greater than. 100 are to the right of the desired in-

terval and will be written with a positive power of 10. Posi-

tive numbers less than 1 are to the left of the desired interval

and will be written with a negative power of 10. The absolute

value of the exponent is equal to the number of places the decimal

point is shifted.

6 3
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Page 302,Examples:

(a) Since 16 < 19 < 25, it follows that 4 < < 5.

(b) 7 < <

(c) 2 < < 3

(d) 9 < < 10

(e) 3 < N/5.76 <

(f) 8< < 9

(g) 1 < vr173-8 < 2

(h) 2 < < 3

(i) 5 < Ni5672- < 6

Answers to Problem Set 11-5a; page 303:

1. (a) 5 (b) 8 (c) 4 (d) 7 (e)

2. (a) 90 (b) .9 (c) .009 (d) '9

3. (a) 30 (b) 300 (c) .3 (d) 9

4. (a) 50000 (b) .0002

5. (a) 14 x 10-17 (b) 9 x 108

Page 303. The iteration method is very easy to explain. Suppose

we consider a number a, 0 < a < 100, and find an approximation

to vra7 . We make a one digit estimate, x, then divide a by x,

and average x and 51 . The average is the'second approximation

for -.Ai . For example, find an approximation to ,015-. 62 = 36

and 72 = 49. 43 is closer to 49; so a one digit estimate pf

NAT5 is 7. Then 1-9- is 6.14 and the average is ;(7 + 6.14),
7

which equals 6.57. Very often the second approximatiOn can be

done mentally. For.example, find N507. If the closest integer

is 6, then is 5, and the average of 6 and 5 is 5.50.

[pages 303-306]
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Thus, we ask the student to concentrate on two ideas. First

Putting numbers in the form a x 102p, 1 < a < 100 and p an

integer, and making nearest integer estimates of the square-root

of a. The nearest integer estimate will always be one digit

.except,for values of a close to but less than 100. (For

example,,the.nearest integer approximation of rsT( is 10.)

Second dividing a by the integer estimate and averaging these

two numbers. Then, for better approximations we divide and.average

again, each time obtaieang roughly double the number of correct

digits.

When we "divide and average" to get a second approxithifion,

a natural question at this point is, "How good are the approxima-

tions we are getting?" Certainly 5 is a good estimate of the

square root of 26 13ecause 52 is 25 and 25 is very close to

26. If we average. 5 and 3-§- we get 5.100; a square root table
5

lists, as 5.099020. Our average is off by only 0.001. If
1, 26we divide and average again, we get 7ffk5.1 +77f) . 5.0990196.

Thus, if we seek an approximation for the square root of a number

whose square root is close to an integer, we expect and get good

results. What, however, if we want an approximate square root of

30-? Since 5
2

25 and 6
2 = 36 neither 5 nor 6 is a very

close 'estimate. To answer this question we have prepared a table

in which we deliberately chose the worst cases of irrational roots

(the geometric mean or close to it). for which the closest integer

.is the first estimate. The third estimate was Computed by rounding

the second estimate to two digits and dividing and averaging.

Thus divisions were kept quite easy.

Examination of the table shows that the second approximation

is in error in the third digit and the third approximation is in

°error in the fourth digit. In only one case, however, is the

third approximation in error by more than 0.001. In the case of

NIT, the error is a little less than 0.003. Remember, these

are the worst cases we could have chosen.

[pages 303-306]
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First
Estimate

Second
Estimate

(1st. Ave.)

Third
Estimate

(2nd. Ave.)
From

Tables

vrif 1 1.50 1..41667 1.414214-

2 2.50 2.45000 2.449490

N/T5 4 3.64 3.60555 3.605551

5 4.6o 4.58261 4.582576

.1-55 5 5.50 5.47727 5.477226

47-3- 7 6.57 6.55757 6.557439

.17.7 8 7.56 7.55000 7.549834

.4/75 9 8.56 8.54418 8.544004

4r-§I lo 9.50 9.53947 .9.539392:

On the basis of the observations made on the worst cases we

set our proceOuT as follows.

To findthe approximate square root of a number:

1. Put thenumber in standard form, M x 104 , where
1 <J4 <100 and p is an integer.

,

2. Since/M:,x'10213 . N(REx 10P , find the approximate

Square :r88t,of M.

S. As the first estimate. of NFM- take the closest integer,

xl .

4. Average xl and for the second estimate, x2

carrying out the division a- to 3 digits and averaging

to 3 digits.

5. Average x2 and' for a third estimate, x3 . Round

off x
2

to two digits before dividing, in - and carry
x

the division to 4 digits and average to 4 digits.

This estimate will exceed.N57 by an error usually less

than .002. 66

[pages 303-306]
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6. Should even more accuracy be necessary, round x
3

'to 3

digits. Divide and average to 6 digits. In general,

if you are sure of y digits in your divisor, you can be

sure of 2y digits in your average. If great accuracy

is desired, greater efficiency can be obtained by the

consideration of :the error at each stage. This is ex-

plained in the following discussion.

The procedure we have outlined for approximating an irrational

square root seems to work. It seems to give rational numbers which

are closer and closer to the irrational square root. The student

may ask: Can you .prove this? Let ds reason as follows.

If xl is a positive approximation to vr.E such that xl > vac,

then

and

and

x
1
2
> n

Then, by adding xl to both sides,

2x > x +
1 1 x

1

,x1 > (xi1

-1

Since the second approximation is x2 = 7 xi , wehave1

-1

.shown that the second approximation is always less than the first.

Let the difference between an approximation and ViT be

called the error e of the approximation. Then the errors in the

first two approximations are

el. xl -

and

e
2

= x
2

- .

1e2 -2- (x1 +17-) -

'1

[pages 303-306]
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By adding fractions on the right and commuting terms,

x
1
2 - 2./6 x

1
+ n

e2 =
2x

1

But the numerator on the right is a perfect square:

111 2(x
1

e2 - 2x
1

-Now we ob erve these facts:

(1) The error e
2

in the second approximation is positive

because the square of any non-zero number is positive. Hence, x2

is greater than 417 . Then 4ii < x2 < xl, and we have shown that

x2 is closer to IT than is xl.

(2) The same procedure would give us the error of any approx-.

imation x in terms of the preceding approximation z,

(z -147)2
error of x ,

and this error is always positive. Then x is closer to 46T .

than is z and x >,5-. We may replace IR by x and get the

approximate formula for the error:

error of x (z x)2
2z

where z is the preceding approximation.

To approximate 4,05. we find that xi 5, = 5.4,- and

x
3
= 5.385; hence the error in x

3
is

(x2 - x322

e3 ''' 2x
2

^d (5.4 ". ,385)2
2(5. )

0.00002.

[pages 303-306]
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This means that x
3

is larger than,./T§ by about 0.00002. It

shows that we could have computed x
3

to more digits. If we

compute x3 to six digits, we have

x3 = (5.4 er) =0.4 + 5.37037) = 5.38518.

This is too large by about 0.00002; by subtracting the error we

have

No/i5 5.38516.

If the error in each approximation is taken into account, one

can obtain a large number of correct digits very quickly. Let us-.

evaluate fEE-3,0 as an example. Since VTaRTE= 1575727x 102 ,

we compute ITU.

Corrected
Approx. to z

3.12 .v 1(312 Approx.
Error of xz 7.2 z

3 1.56 1.78
(.292 = .01
2(2

AM OM Ov WU..

1.78 - .01 = 1.77 1.762711 1.766355 (0.004) 2,
3.0

= .000004

./111555 ,m,f, 17.66355 - .000004 = 17.66351.

3.12
You might wonder how far to carry out the division 1.77

The

error of x is given by

(z x)2
e
3 2z

2-x= z-1-i+z)
n z

=

z n
'24 "Ti

z x =

(pages 303-306)
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3.12
ILIn this example z = 1.77 and 1.762 When

z 1.77

is carried out far enough so its digits begin to differ from the

digits of z, we can find z - x. In this case

1 n )- 1.77 - 1.762) . .004.z x 7 (z -

Now we can Tind e
3

approximately;

- .000004.

Thus we know that if we continue the division, 1, to six decimal

.places and average, the error will occur in the sixth decimal

place.

Answers to Problem Set 11-5b; pages 306-308:

1. (a) -../75g =NorT7 x 101 p . 3 q

2.4.2 i(3 796)

(b)

P q 2.82

28.2

P = 9 q=fl
176-6

24.-2

q 8.56
2

175 8.56

(c) 2.97

(d) 554

(e) 0.0763
70

(f) 3170

[page 306]



2. (a) 10.00470 =1T7 x 10-2

.176:00-7[70 0.06856

(b) ../7573 = 127.3 x 10-1

17.73 .5225

(c) 72.66

(d) 1.772 Note: The thousandths digit could be either 2
or 3. Since the average is, after the
first approximation, always high; it is
better to "round down".

333

P .." = Ill
`i p

p 4- CI

2

7 6.71 6.86

6.9 6.812 6.856

p q= all
p

.2.-±-a
2

5 5.46 5.23

I5.2 5.250 5.225

(e) 265.1

(f) 708.5

3.- (a) %/0.0072 = I7

8.485 x l0-2

N.
.08485

../72000-6 848.5

.177 f , .8485

, .2828

.4555 28.28

(f) %/8,000,000 2828

You may wish to do more than this with square root tables.

We did not, however, include a square root table in the text

because some teachers prefer not to use one at this point.

4. (a). x2 = 0.0124

x =N/OTZUT or x = -N/0.0124

The truth set is ( 10-.03-72T4 - ) .

4/0.0124 0.112

[page 307]
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Thus approximations for the elements of the truth set are

0.112 and -0.112.

(b) 22.9 and -22.9

5. 361 feet

6. 12 feet, The nearest foot.

7. 8.45 cm

(g) 3p
2

.4/ 2 and p 0

08-311:

1. (a) 215 (a) 223-....r5 (g)

(b) (e) 31x1ig (h) a
3
b
3
c
2

( c ) 2 N/Ta and a 0 (f ) 12 (i) 2 + 2.,TY

2. (a) AlT (f) 2 - 2 1-3--

(b) 10 (g) 3 3,./--

(c) 2Ia + bl (h) -4x1ISET and x and y are
both non-negative

(d) 3a.,213 and a and b
are integers (i) "-ET" +1

(e) 4I.

3. (a) 2Ia1

+ 2
(b)

2

(c) 1

21m1 AAT
(d) 71micp/TJI and q > 0

(e) .t.1575

(1)
Z/74x and x 0
10x

72

[page 308]
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2

.4/ 2 and p 0

72
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1 --727
(h) v/2a - 2a v 2a

- 4a2
2a

) where a 02a2 qr--
2a .

(i) 2N42 + b2

4. (a) (4). Notice that v/5E . 2 is not a sentence if x < 0.

Squaring both members of .1-5T = 2 gives the equivalent

sentence x = 4 but squaring both members of an equation

does not always give an equivalent sentence. This fact

will be studied in Chapter 13.

(b) (64)

(c) (17,

(d) all

(e) (8)

(f) 21x1

m such that -4 m 4

+ 1;7= 3

is equivalent. to

21x1 +

is equivalent to

(x = 1 and x 0) or (-x = 1 and x < 0)

Thus, the truth set is (1, -1)

5. (a) = for x = 5

(b) x >vrf for x > 0

(c) If
v/a2 132

a + b ,

then a2

lxi = 3

31x1 = 3

lxi = 1

+ b2 = (a + b)2

a
2
+ b

2 = a
2 + 2ab + b

2

0 = 2ab .

But a > 0 and b > 0 so 2ab > O.

Thus 2ab = 0 and 2ab > 0 is a contradiction.

(page 309)
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If + b2 > a + b

then a2 + b2 > (a + b)2

a
2
+ b

2
> a

2
+ 2ab + b 2

0 2ab

But 2ab < 0 and 2ab > 0 is a contradiction.

Thus N/a2 + b2 < a + b

Notice that the student was not asked to prove the

relation, but we include the proof in case he insists on

a proof.

(d) =An-

(e) (vrril -1-1E)(virmi = (m - n) for m > 0 and n > 0

lxi + 5 Vu5 > (-x3). Notice that the left member is

positive and the right meMber is negative.

(g) <
25

6. vr:Tgo 19.7

7. ../5576 62.45

8. (a) 35 (c) 32.23

(b) 62 (d) 34

9. (a) 100 = 1 (c) lon + 2

(b) 101 (d) 104

10. (a) 2-51 (c) m3

(b) 3b2
2q3

(d)

11. (a) all x such that x < -6

(b)

7 4

(pages 309-310)

(e) 35

32 22

(e) 10-5

(f) 106n

(e) x + 1
7777-)

3(f) -fR



(c) all y such that Y <

(d)

(e) (2)

(f)

3 3
(TE -1-6 )

12. n
2 - n 41 fails to give a prime for n = 41,

sum of the last two terms is zero. This leaves

n as a factor.

If an algebraic sentence is true for the first

the variable, it is not certain that it is true

13. The average of n numbers a, b, c, is

a + b + c + to n numbers

337

since then the

n2 , which has

hoo values of

for the 401st.

If g is the "guessed average", then the average of the

differences is

(a - g) + (b - g) (c - g) + to n numbers

a+b+c+ to n numbers - ng Commutative property of
n addition and the distri-

butive property

a+b+c+ 0.. to n numbers Distributiveproperty and
the multiplication prop-
erty of 1

Mhen we add this average of the differences to our "guessed

average" g, we have

a + b + c to n numbera g g

a + b + c ... to, n
ZNe

and this is the average.

7 5
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195 - 200 = -5 Sum of the differences is

205 - 200 = 5 Average of the differences

212 - 200 = 12

201

198

- 200

- 200

=

=

1

-2

Adding this to 20Q giVea
for the team average..

232 - 200 = 32

189 - 200 = -11 .

178 - 200 = -22

196 - 200 = -4

204. - 200 = 4

182 - 200 = -18

-10.
8=

3199TT

14. If the rat weighs x grams'at the beginning of the experiment

it will weigh 4x grams after the rich diet and 7i(ix) at the.

1end of the experiment. Thus,,the difference is x - x =-1.5x

grams.

15. If x is the number of quarts of white paint, then 3x is the

number of quarts of grey paint and

x 3x = 7.4

4x . 4.7

x = 7 3x = 21

Thus the man bought 1 gallon and 3 quarts of white and 5

gallons and 1 quart of grey. The information on the cost of

the pain"c was unnecessary.

16. Proof: Either v(g < v/7E = VIT, or .vri > 1-57.

Assume -AT< VT
then a < b If x < y then x2 < y2

a ( b and a > b is a contradiction

Assume Vri= V(7g

then a = b

a = b and a > b is a contradiction

Thus .ra" >

[pair 311)
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Chapter 11

Suggested Test Items

1. Describe the set of numbers for which the following name

real numbers.

(a) v(i

(b) .%/7 (e).. .1.\447

(c) 3.47 (f) 17177FIE

2. Simplify

(a) -AFT (d) -?1,(51T

(b) VET
(e) N/Ig

47.f .)
,rg %rig

3. Simplify assuming that all variables represent positive numbers.

(a)Va (d)

.17-71.a +177.7,03) (e)14;710;

J21:7

(c)
V2 (f) ,("f(.4rf -,/578)x

N 2

4. (a) If 4T is a rational number, what kind of number is a?

(b) If a and b are different positive primes, what kind

of number is ,raTo ?-

5. If 16-5 9.219 and Norlit; 2.939, find approximations for

(a) N/T5158-6 (c) 4q35-156

(b) vI85(5- (d) 4/77;

7 7
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6. =Explain, using an example, 4-,,//17 V-a7 is not a. sentence
b Nrg.

7.

8. Is vaTa rational or irrational? Explain.

9. Simplify each of the following:

(a) %/37;-

(b)

.7155

for a < 0 and b O.

Explain why .1)73 is meaningful only if x 0.

(c)
.4715

('d ) + 375

7 8



Chapter 12

POLYNOMIAL AND RATIONAL EXPRESSIONS

In this chapter, factoring of expressions is introduced by

-using the analogy with factoring of positive integers as motivation.

The.way was prepared for thit in.Chapter 10. An important point

is that factoring.of rational numbers becomes significant only when

the problem is restricted to the integers. In factoring express-

ions, the class of rational expressions corresponds to the system

of rational numbers, and the cass of polynomials corresponds to

the system of integers. The intended implication here is that the

rational expressions do constitute an algebraic system with the

.polynomials as a sub-system.

Although the following discussion is not for student consump-

tion, it is important for the teacher to understand the algebra of

expressions.

Consider, for example, the distributiVe property:

a(b + c) = ab + ac

We have alWays understood a, b, c to be real numbers, so that we

are dealing with an assertion about real numbers. The assertion

inVolves two phrases "a(b + c)" and "ab + ac" and enables us

to replace either phrase by the other, in any statement about real

numbers, without altering the validity of the statethent. However,

suppose we forget, for the moment, that we are talking about real

numbers .(as was commonly done at one time in elementary algebra).

Then the distributive property (or "law") becomes a "rule" for

transforming algebraic expressicml. .4,at is a rule in the "game"

of "symbol. pushing". From this point of view, the various fund-

amental properties, with which we have been working, constitute

the complete set of rules of the game. Attention is thus shifted

from the system of real numbers to the language used to talk about

the real numbers. Although blind symbol pushing is highly un-

7 9
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desirable, it is a fact that we do work with expressions from this

point of view. This is what we are doing whenever we discuss the

form of an expression. The difference is that symbol pushing at

this level is not mechanical but is with reference to an algebraic
system. We shall now describe more carefully this system.

In the first place, we "add" and "multiply" expressions

by use of what we have called "indicated" sums and products. Thus,

if A and B are expressions then A + B and A.B, are also ex-
pressions. We also write A . B provided for each permitted value

of each variable involved in A and B, the numerals "A" and "B"

name the same number. This is actually a definition of equality

for expressions. In some books, this kind of equality is called

identity. With these agreements, the following basic properties

could be found for expressions and have, in fact, been used many

times in the course:

1. If A, B are expressions, then A + B is an expression

2. If A, B are expressions, then A + B = B + A.

3. If A, B, C are expressions, then (A .,- B) + C . A + (B+C).

4. There is an expression 0 such that A + 0 = A for every

A.

5. For each expression A, there is an expression -A such

that A + (-A) = 0.

6. If A,B are expressions, A.B is an expression.

7. If A, B are expressions, AB = BA.

8. If A, B, C are expressions, then (AB)C = A(BC).

9. There is an expression 1 such that A.1 = A for every

A

10. For each expression A different from 0, there is an

1 1expression T such that A-A- = 1.

11. If A, B, C are expression, then A'(B + C) = AB + AC.

8 0
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Thus we see that the class of expressions satisfies the

axioms for a slf2a.. The smaller class, consisting of just the

rational expressions, also satisfies these properties. The class

of all polynomials (or all polynomials in one variable over the

integers) is a sub-system of the-class of rational expressions and

has all of these properties except Number 10. Notice also that

the rational numbers satisfy all of these properties, and the

integers satisfy all except Number 10-- hence, the parallel be-

tween rational expressions and polynomial, on the one hand, with

rational numbers and integers on the other. .

Once these general properties are established, we can study
rational expressions and polynomials as algebraic RaLma in their

own right independently of their connection with real numbers.

This is symbol pushing par excellence. Our work with factoring,

simplification of rational expressions and division of polynomials

forms a small fragment of the study of these general systems,

although we have not presented it explicitly as such. This way of

looking at the language of algebra, which is implicit in much of

what has gone before and actually comes out into the open in the

present chapter, will turn up frequently in later courses in

algebra. A good student automatically shifts to this point of

view about algebra as he matures. However, if this occurs before

he understands, at least intuitively, that an algebraic system is

involved, only confusion will result. This is why it is important

to go back to the real numbers whenever students show signs of

mechanical manipulation of symbols. For further discussion see

Studies in Mathematics, Volume III, pages 6.1-6.8.

12-1 Polynomials and Factoring.

Most of the work in the chapter is with polynomials over the

integers. The definition of polynomial over the integers and a

statement of the problem of factoring are given in this section.

The problems in this section are primarily concerned with bringing

out these ideas rather than with developing the techniques of

factoring. The latter are dealt with in the next five sections.

[page 313]
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Page 314. If we were being very careful in our language, we should

replace the word "integers" by "numerals for integers" in the

definition of polynomial over the integers. Since there can be no

doubt about what is intended here we choose to keep the definition

as simple as possible.

The usual definition of polynomial (in one variable x) is that

it is an expression of the form

anx
n

+ a xn-1 + ... +a x+ an-1 1 0'

With this definition, the expression (x2 - 1)(3x - 5) is not a

polynomial but is an indicated product of polynomials. On the

other hand, we usually want to call this a polynomial because we

have in mind the fact that it can be written as a polynomial:

(x2 - 1)(3x - 5) = 3x3 - 5x2 - 3x + 5.

This sentence can be thought of as a defintion of multiplication

for polynomials, as defined above, since it specifies what poly-

nomial is indicated by the given product. Addition of polynomials

can be looked at in a similar way.

In our development it was more natural to regard a much wider

class of expressions as polynomials. Then the definitons of addi.:

tion and multiplication are obvious, and an equation much as the

above may be thought of as a definition of equality.

These two points of view, although conceptually different,

amount in practice to exactly the same thing. The only real diff-

erence is in the way we think about rather than the way we work with

expressions. Thus we can always simplify one of our polynomials

(in one variable) to the special form indicated above and think of

the given polynomial as represented by its simplified form. In

addition to lending itself better to the informal treatment of

polynomials which we wanted to give, the definition we use also

makes it easier to discuss polynomials in several variables.

8 2
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Answers to Problem Set 12-1a; pages 315-316 :

1. (a), (c), (d), (e) are polynomials over the integers

(b), (0 are polynomials over

the, rational numbers. See section 12-6.

(g) ig a polynomial over the reels.

(h) is, not a polynomial at all. However, notide that

lx1 + 1 can 'be described using polynomials:

{x + 1, if x > 0
lx1 + 1

-x + 1, if x <

A better example here is the expression, (Ix1)2 ,

which is not a polynomial but can be written as a
%

polynomial: (Ix1)
2

= x
2

. This is analogous to

2xkx + 1) which is nct a polynomial but can be
X- -I- 1

written as a polynomial, namely, x.

2. (a), (c), (d) are polynomials over the integers.

(b) is a polynomial over the rationals.

(e), (g) and (h).are not polynomials of any-kind

under our definition. However, since

2S-1---Y. ravens the same as (x + v)'1 it would not be
- 22

objectionable, to admit (0 as a polynomial over

the rationals. The point here is that

= (x + y)4, by definition, rather than by

use of any properties of real numbers. On the other

hand, we would not wish to regard (h) as a poly-

nomial in spite of the fact that it can be written

as a polynomial:

3s(u + 3(u + v).

8 3
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3. (a) 2x2 - 4x (e) u2 -

(b) x2y - 2xy2 (1) x2 + 4x + 4

(c) 2 + t - 6 (g) 18t2 - 15t - 88

(d) Fy3 z (h) y2 + y - 2

All are polynomials over the integers except (d)

and (e) which are over the rational numbers.

4. (a) 0

(b) a2

% 2
(d) 3u + u uv

(e) 2 + 2s - 6st

(c) 3su ± 3sv (f) 2x
2

- 3xy - 2y
2

+ 5y - 2

All are polynomials over the integers although the

two factors in (b) are not over the integers.

5. Yes! We hope that this will be obvious to everyone.

The point in mentioning it is to suggest that we are

dealing with a system.

6. No! However, it may be possible to write such a quotient

as a polynomial. See, for example, part (h) of Problem 2.

The idea here is suggest the fact that polynomials as

a system are not closed under division although some

rational expressions can be written as polynomials.

Answers to Problem Set 12-1b; pages 318-319:

1. (a), (0), (a), (f).

(c) is a case of factoring s
2

- as a polynomial over

the real numbers.

(d) is a case of factoring 3t - 5 as a polynomial over

the rational numbers.

2. (d),

In (a), (b) and (e), polynomials over the integers are

factored but the factors are not even polynomials.

[pages 315-316, 318)
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3. (a)

(b) a polynomial over the rational numbers is factored

into polynomials over the rational numbers.

(c) and (d) are not factored at all.

(e) The second factor is not a polynomial.

4. 2(e) (ItI + 1)(ItI 1) (1t12 1) t2

5. (a), (e)

6. (a) a(a + 2h) (d) 3xz (x - y)

(b) 3(t - 2) (e) a(x - y)

(c) a(b + c) (f) 6(1D - q + 5

7. (a) z2(z + 1)

(b) 15 (a2 - 2h)

(c) x2(1 - x2) is the result expected.\ Some may obtain

x2(1 + x)(1 - x), which is teChnically correct

since the distributive property is certainly in-

volved.

(d) a(a2 - 2a + 3)

(e) 6(x2 - 24y - 25) is expected.

(f) y(3x + (x - 3)) or y(4x - 3).

8. (a) 2 ((z 1) - 3zw) (e) -6r2s(x y)

(b) a2b3(a + b - 1) (0 (u2 + v2)(x - y)

(c) No factoring possible

(d) ab(x - y)

(b) 2, 1, 3

(c) 3, 2, 5

(d) 0, 5, 5

(e) 2, 4

(g) (x - y)(4x - y)

(h) 2232a2h2c2

(f) The degree of the product is

equal to the sum of the

degrees of the factors.

[pages 318-319]
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12-2. Factoring Ly. the Distributive Proerty.

All non-trivial factoring of polynOmials involves the dis-

,tributive property as well as the verioUs other properties of real

numbers. However, the problems in this-section-involve the distri-
;

butive property in an especially straightforward and explicit way.

This factoring is often referred-to as "removing common (monomial,

etc.) factors."

Example 4. There is an opportunity in this example to emphasize

one of the most important uses of factoring, namely, to solve

polynomial equations. Since students like to solve equations,

this should help stimulate their interest in factoring.

Answers to Problem Set 12-2a; pages 321-322:

1. 3xz(2x - y)

2. 3st(3 - u)

.
3. 3ok4x2 os + 5y)

4. 2-11-(2u2 - 3uv + 5v)
5

over the integers

over the integers

over the integers

P -xy
2
(x

2
- 2x - 1) over the integers

6. -56-ab(6 + 10a - 21b)

. 7. sN/3(1 + s

8. a (3a - /lb)
6

9. no common factor

over the integers

over the integers

over the integers

over the integers

over the integers

(pages 320-322)
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15. 0 over the integers

16. (x + y)(3x - 5y + 1) over the integers

17. 3a 3V-T(2 + 5b)

18. lx1(3 + 2a)

19. 7Y0c1(1 - 3y)

20. (u + v)(r - s)

21. (a + b + c)(x - y)

22. (a + b + c)x

over the integers

over the integers

over the integers

349

Page 323. It is necessary to emphasize that factoring involves

writing the given polynomial as a product of polynomials. Sums of

products do not count.

Answers to Problem Set 12-2b; pages 324-325:

1. a(x + 2) + 3(x + 2) . (a + 3)(x + 2)

2. x(u + v) + y(u + v) = (x + y)(u + v)

3. a(2b + a) + 1(2b + a) = (a + 1)(2b + a)

4 3s(r - 1) + 5(r - 1) = (3s + 5)(r - 1)

5. x(5 + 3Y) 1 (5 + 3Y) = (x 1)(5 + 3Y)

6. 0

7. a(a - b) + c(a - b) = (a + c)(a - b)

8. t(t - 4) + 3(t 4) = (t + 3)(t - 4)

9. not factorable

10. (2a - 3b) (a - b,(5)

11. 3x(5a + 4b - 2d)

12 2(a - b) + u(a - b) + v(a b) = (2 + u + v)(a - b)

13. x(u + v - + y(u + v - w) = (x + Y)(u + v - w)

14. (a - 4x) + 2b(a - 4x) + 3c(a - 4x) = (a + 2b + 3c)(a-4x)

[pages 322-325]
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15. §(3xy - 6ay bx - 2ab ) = §(5y(x - 2a) b(x - 2a)

g(3y + b)(x - 2a)

16. x2 + 3x + x + 3 . x(x +3) + 1(x i 3) = (x + 1)(x + 3)

17. a2 - ab + ab - b2 = a(a - b) + b(a - b) = (a + b)(a - b)

12-3. Difference of Squares.

Answers to Problem Set

1.

2.

3.

4.

pages 327-329:

(a)

(b)

(c)

(d)

a2 - 4

4x2' - y2

m2n2 - 1

9x2y2 - 4z2

(e)

(f)

(g)

(h)

a4 - b4

x2 - a2

2x2 + 3xy - 2y2

r3
r2s2

rs

(a) (2x - 1)(2x + 1) (d) (1 - n)(1 + n)

(b) 9(3 Y)(3 + Y) (e) (5x - 3)(5x + 3)

(c) (a - 2)(a +2) (f) 4(2x - y)(2x + y)

(a) (5a -,bc)(5a + bc)(d) 4x(2x - 1)(2x + 1)

(b) 5(2s - 1)(2s + 1) (e) 4(2x 1)(2x + 1)

(c) 6(2y - z)(2y + z) ( (7x2 1)(7x2 + 1)

(a) (X - 2)(x + 2) (d) not factorable over the

integers

(b) not factorable

over the integers

(e) 3(x - 1)(x +.1)

(c) (x2 + 2)(x2 - 2) (0 (4x2 + 1)(2x - 1)(2x + 1)

8 8
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5. (a) (a - 2)a

(b) 2a - 3 not

factorable over

the integers

(d) 0

(e) (x - y)(x + y - 1)

(c) 4 mn (x - y)(1 - x - y)

6. (a) x2 - 9 . 0.

(x - 3)(x 3) = 0

........

is equivalent to

x- 3 = 0 or x + 3 0

The truth set is (-3,3)

(b) -

(c ) (,

(d) (2, - 2)

7. (a) 396

(b) 1591 (f) 2000 mn

(c) 884r (g) 1584m2 - 1584n2

(d) 391xy (h) 1584

8. (a) ,899 = 302 1 = (30 1)(30 -I- 1), thus 899 is

factorable.

(b) 1591 = 402 - 32 = (40 - 3)(40 4- 3), thus 1591 is

factorable.

(c) 391 = 202 - 3
2 = (20 - 3)(20 + 3), thus 391 is

factorable.

(d) 401 = 202 + 1, can not tell by difference of squares

factoring. By prime factorization methods we see

that 401 is not divisible by 2,3,5,7,11,13,17, or 19.

Thus 401 is prime.

(e) (0, -

(f) 0

(g) (2, - 2)

.(h) (1, - 5)

(e) 9999

351

(page 328]
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*9. The reciprocal'of 2 - .../7 is 2-+ /57 and vice versa.

Here is an example of a pair of numbers which are recip-

rocals but one is not the other "turned upside down".

(a) ;5-(5 - .170

(b)

(c) .3, notice is rational

(d) 3 -rf" +

*10. (b) (t + 1)(t2 t + 1)

(c) (s + 2)(s - 2s + 4)

(d) (3x + 1)(9x2 - 3x + 1)

*11. (b) (t - 1)(t2 + t + 1)

(c) (s - 2)(s2 + 2s + 4)

(d) (2x - 1)(4x2 + 2x .-:- 1)

12-4. Perfect Squares.

Page 330. Example 1. A quadratic polynomial x2 ± px + q

where p and q are integers is a perfect square if and

(1) q is the square of an integer m.

(2) either p 2m or p = - 2 m.

Answers to Problem Set 12-4a; pages 331-332:

1. (a) 9

(b) 16

(i) 5

(j) 2 ve75, zero should also be

accepted.

90
(k) 2 ,1753, 3 could be accepted

(p) kt2

[pages 328-329, 331]
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2. (a), (c), (d), (e), (g), and (h) are perfect squares

3. (a) (a - 2)2 (k) 5(4 - x)

(b) (2x - 1)2 (fl not factorable over the

integers.

(c) (x - 2)(x + 2) (m) not factorable over the

integers.

(d) not factorable (n) not factorable over the

over the integers. integers.,

(e) (2f + 3)2 (0) 2a(a - 5b)2

(f) 7(x + 1)2 (10) (s

(g) not factorable (q) (t - s - 2)(t + s)

over the integers

(h) (2z - 5)2 (r) (x - 1)2(x + 1)2

(i) not factorable (s) ( z 2 + 8)2

over:the integers

(j) (3a.- 4)(3a - 2)

4. (a) x2 + 6x + 9 (e) x2 - 2xy + y2

(b) x2 - 4x + 4 (f) x2 7 2x + 1 - a2

(c) x2 + 2 N/r- x + 2 (g) x2 - 2x + 1 - a2

(d) a2 + 2ab + b2 (h) 5 + Nr6-

(i) 1002 + 2.100.1 + 1 = 10,201

Page a33. Example 4. The method of completing the square- is

touched on again in Section 12-6 for polynomials over

the real numbers. It is also used in Chapters 16 and 17

in connection with graphing quadratic polynomials and
functions.

(e) x2 (m) 16v2

(f) 10u (n) 56xy

(g) 12s (o) 4

(h) 9 (p) 6(x - 1)

353
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Example Notice that we have proved that the truth set

of this equation is empty. In other words, we do not

conclude that it is empty just because we are unable to

find solutions by our methods of .Cactoring.

This example points out the connection between "factor-

ing a polynomial. over a set" and "solving the 'Corres-

ponding polynomial equation". If a polynomial equation

has solutions which are integers, then the polynomial

over the integers can be factored, and conversely. If

the polynomial equation has solutions which are real

numbers, then the polynomial over the real numbers can be

factored, and conversely. Thus, if a polynomial equation

has an empty truth set, the polynomial cannot be factored.

The conclusion in Example 5 is that x2 - 8x +.18 cannot

be factored over the real numbers.

Answers 'to Problem Set 12-4b; page 334:

+ 2)2 - 1

+ 2 - 1)(x + 2 + 1)

x + 1)(x + 3)

+ 4 - 9 = ((x - 1)

2

(x 6)x

- 2)

32

2 - 32

1. (a)

(b)

(c)

(d)

(e)

(f)

x2 + 4x + 4 - 1 (x

(x

(x - 4)(x - 2)

(x 4)(x + 2)

(x 6)(x - 4)

(x 12)(x + 2)

(x 1)2 - 4(x - 1)

9 2
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2. (a) p 1

(0 p 8 or - 8

(c) all

3. (a) y2 - lOy + 25 = 0

(Y - 5)2 = 0

(d) none

(e) p 4

is equivalent to

y - 5 0 or y - 5 = 0

The truth set is [5]

(b) (i)

(c) 9a2 + 6a + 4 0

9a
2

+ 6a + 1 + 3 = 0

(3a + 1)2 + 3 0

(3a + 1)2 is > 0 for every a.

Thus the truth set is empty.

(d) The truth set is [2].

(e) The truth set is [0,2],

(f) The truth set is 0.

(g) The truth set is (4, - 2).

(h) The truth set is (4, 6).

12-5 Quadratic Polynomials.

This section, along with the preceding three sections, covers

the standard techniques of factoring found in the usual elementary

algebra course. Although these techniques are important, they are

not ends-in-themselves. The ideas behind factoring should be

brought. to the student's attention at every opportunity. The text

contains many exercises designed,to sharpen the student's factoring

techniques. The ones you assign should be selected with care. Do

[pages 334-336]
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not swamp the students.in a deluge of drill problems and do not

avoid the "idea" problems. It is a temptation to treat factoring

in a mechanical way and so allow the students to fall into the

trap of blind symbol pushing. This danger is always present when

techniques are emphasized,v,and it is up to the teacher to maintain

the proper perspective in tOpise situations.

2
Page, 337. Example 3.. x 10x + 36 is also,not factorable be-

cause 10 is too small. The smallest positive value of

p for which x2 + px + 49 is'factorable is 14 and

this gives a perfect square. x + 14x + 49 = (x + 7)2.

x2 + 13x + 49 is not factorable because 13 is too

small.

The polynomial x
2

+ 40x 4- 36 is not factorable be-

cause 40 is too large. Similarly, x2 - 38x + 36 is

not factorable because 38 is too large. x2 - 50x + 49

= (x - 1)(x - 49). 50 is the largest absolute value p

can have in order for x
2 + px + 49 to be factorable.

See Problems 4, 5, 6, below.

Answers to Problem Set 12-5a; pages 337-339:

1. (a) (a + 5)(a + 3)

(b) (a 5)(a 3)

(c) (a + 5)(a - 3)

(d) (a - 5)(a +,3)

2. (a) (t + 10)(t + 2)

(b) (t + 20)(t + 1)

(c) (t + 5)(t + 4)

(d) not factorable over the integers

9 4
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3. (a) (a + 11)(a 5)

(b) (x - 3(x - 2)

(c) (u - 6)(u - 4)

(d)

(e)

(y - 18)(y + 1)

not factorable over the integers

4. (a) -(x 4)(x - 3)

(b) -(x + 12)(x - 1)

(c) -(x + 6)(x - 2)

(d)

(e)

-(x + 12)(x + 1)

not factorable over the integers

5. (a) (a - 8)2'

(b)

(c)

not factorable over the integers,

not factorable cver th6 integess.

8 < 2,(g

Since 2 is a.

factor of 36 and 64 . 26, the 2ts must be split.

32 + 2 < 36 and Jny other split gives smaller sums.

(d) (a - 16)(a - 4)

(e) not factorable over the integers.

6. (a) (x - 3\(x + 3)

(b) not factorable over the integers

(c) not ftorable over the integers

(d) (h - 13)(h + 13)

7. (a) (z 3 - 8)(z 3 + 1) or

( z - 2) ( z 2 2 z + z + 1)( z 2 - z + 1)

(b) (b2 - 7)(b 2)(b + 2)

(c) (a - 3)(a + 3)(a - 2)(a + 2)

(d) (Y 3)(Y + 3)(Y2 + 9)

9 5
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8. (a) (a + 7)(a - 2)

(b) not factorable over the integers.

(c) (a - 12)(a - 9)

108 = 22-33

3 is a factor of 21 but ,2 is not, co the 31s

are split but the 2Is remain in one factor. Thus

(3-22) + (32) = 21

(d) (a + 40)(e - 15)

600 = 2.3.52

Of 2,3, and 5 only 5 is a factor of 25 so the

51s are split but the 218 must be in the same factor.

Thus (23-5) - (5'3) = 25

9. (a) 3(Y2 - 437 + 4) = 3(Y 2)2

(b) x(x2 + 19x + 34) = x(x + 17)(x + 2)

(c) 5a(a2 - 3a + 6)

(d) 7(x - 3)(x + 3)

10. (a) The truth set is (12, - 3)

(b) The truth set is (3,2)

(c) The truth set is (4,9)

(d) The truth set is (0, - 6)

(e) The truth set is (6,1)

The truth set is (3, - 2)

(g) The truth set is (-4,3)

(h) The truth set is dr-

[pages 338-339]
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.
11. (a) If x is the number, then x

2
ox + 7

The truth set is (7, - 1)

The number could be either 7 or -1.

(b) If the width of the rectangle is w inches then

the length is w + 5 inches and w(w + 5) = 84.

The truth set is (-12,7).

Thus the width of the rectangle is 7 inches.

(c) The number is either 1 or 9.

12. If the length of the bin is x feet, then the width is

12-x feet and 70 . x(12-x)2.

The length of the bin is 7 feet and the width is 5

feet.

13. The square is 6 feet on a side and the rectangle is 12

feet .long and 3 feet wide.

*14. Assume that (x + m)(x + n) = x2 + px + q.

Then, mn = q and m + n = p.

-

Also, (x - m)(x - n) = x2 -(m + n)x + mn = x
2

- px + q.

*15. x
2

+ px + 36 is a perfect square for p = 12 or p = -12.

12 is the smallest value Ipl can have for

x
2

+ px + 36 to be factorable. Values of p for which

x2 + px + 64 is factorable are obtained as follows:
6

Note that p = m + n where mn = 2 .

m.n m + n

2
6
.1 65

25'2 34

2
4
.2
2 20

23'23 16

Positive values of p are 16020,34,65 and negative

values are -16,-20,-34,-65. The perfect squares are

given by p = 16 or p = -16. Note that 16 is the

(page 339]
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smallest value lp I can have.

The student should be able to generalize the results in

the two examples and guess that 2n is the smallest pos-

itive value of p for which x
2 + px + n

2 is factorable
.

and that this gives the perfect square, (x + nj
2

.

The largest value of p for which x
2

+ px + n
2

is

factorable is n
2

+ 1, in which case

x2 + px + n
2 = (x + 1)(x + n2)

The above results are special cases of the following

general theorem, whose proof is too difficult for all but

the best students.

Theorem. Consider the quadratic polynomial x2 + px + q,

where p and q are positive tntegers. Then,

(1) The largest value of p for which the polynomial

is factorable is q + 1.

(2) The smallest value of p for which the polynomial

is factorable is equal to m + n, where mn = q

and m,n are as nearly equal as possible.

Proof: Assume that (x + m)(x + n) = x
2 + px + q. Then,

m + n = p and Lm = q. Observe that

. .
(m + n)

2 - (m n)
2

= 4 mn for all values of m and n.

Therefore, p2 = 4q + (m - n)
2

.

It follows that p
2

, and hence, p, will have its great-

est value when (m - n)
2

is as large as possible. This

obviously occurs with the factorization q = q1, giving

p = m + n = q + 1.

Similarly, p
2

, and hence, p, will have its smallest

value when (m - n)
2 is as small as possible, that is,

when m and n are as nearly equal as possible;

9 8
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Answers to Problem Set 12-5b; pages 343-346:

1. (a) (x + 1)(2x + 3)

(b) (2x + 1)(x + 3)

(c) not factorable over the integers. The only factors

we have to work with are 1, 2, and 3 so.the max-

imum sum is 7.

2. (a) (3a + 7)(a - 1)

(b) (3a - 7)(a + 1)

(c) -(3a + 7)(a - 1)

3. (a) (4y - 1)(y + 6)

(b) (x + 8)(x - 4)

(c) (4a - 1)(2a + 3)

A (a) not factorable over the integers

(b) (3x + 1)(x - 6)

(c) 3(y2 + y - 2) = 3(y + 2)(y 1)

5. (a) (3x - 2)(3x + 2)

(b) (3x - 2)2

(c) (3x + 2)2

6. (a) (3a + 2)(3a - 1)

(b) 3a(3a + 1)

(c) 9(a2 +.1)

7. (a) 3(x -.3)(4x - 5)

.(b) (5x + 9)(2x + 5)

(c) (2x - 15)(5x + 3)

8. (a) (6 + a)(1 - 4a)

(b) -(3x + 1)(x - 6),

(c) (7x - 2)(x + 3)

9. (a) (P + (4.)

(b) (.2a - b)(2a - 7b)

(c) (5x - 7Y)2
9 9
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10. (a)
2/

2a ka
2 + 10a + 25) = 2a2(a + 5)2

(b) b(a2 ga + 25), a2 - ga + 25 is not factorable

since 9 < 245

(c) (2a + 5)(a + 5)

11. (a) 6(x - 25)(x + 1)

(b) (x - 6)(6x + 25)

(c) 6(x + 5)2

(d) (x - 6)(6x - 25)

(e) 6x
2

+ 25x + 150 is not factorable over the integers

12. No.

x2

the

fact

and

10)(2x + 15)

2)(2x - 25)

2)(2x + 25)

There is only one factor 2

and none in the constant term.

inside product or the 6utside

or of 2 but not both. Thus,

outside products will be odd.

in the coefficient of

Therefore, either

product will have a

the sum'of the inside

13. Yes. 3x2 + 5x - 12 = (3x - 4)(x + 3)

14. (a) 8x2 + 10x - 3 0

(4x - 1)(2x + 3) 0

is equivalent to

4x - 1 0 or 2x + 3 = 0

1x =

The truth set is 4, -

The truth set is 4, -

(c) The truth set

or

- .

[page 345]
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(d) a2 - 4a + 15 is not factorable over the integers.

If you write

a
2 - 4a + 4 - 4 + 15 0

(a - 2)
2 + 11 = 0

it become clear that the truth set is empty.

4
15. (a) The truth set is (0 ps,

(b) The truth set is -

(c) The, truth set is (-1, 3)

(d) The truth set is (21

3' 3

16. (a) (w - 4)(w + 4)

(b) (x - 1)(x + 7)

.(0) (Y 1)(Y I- 7)'

(d) (a - 5 - 3b)(a - 5 3h)

17. If x is one of the numbers, then 15 - x is the other

number and

x2 x)2

x2 + 225 - 30x + x
2

= 137

2x
2 - 30x + 88 = 0

2(x2 - 15x + 44) = 0

2(x - 4)(x - 11) = 0

The truth set is (4,11)-

The two numbers are 4 and 11.

18. If the width of the rectangle is w inches, its length

is w + 7 inches and w2 + (w + 7)2 = 13
2

w2 (w 7)2 132

The .truth set.is (5,_r12).

The width of the rectangle is 5 inches.

(pages 345-346]
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19. If n is one of the numbers, n - 8 is the other

number and

n(n - 8) . 84 .

The truth set is (-6, 14) .

The two numbers are 6 and 14 or -6 and -14.

20. If q is one odd number, then q + 2 is the

consecutive odd number, and

q(q + 2) = 15 + 4q .

The truth set is (-3, 5).

The numbers are 5 and 7 or, -3 and -1.

21. If Jim walked at the rate of x miles per hour Bill

walked at the rate of x + 1 miles per hour.

In one hour Jim walked x.1 miles and Bill walked

(x + 1).1 miles. Then

(x.1)2 + ((x + 1).1) 2 . 52

The: truth set is (-4, 3) .

Jim walked at the rate of 3 miles per.hour and Bill

walked at the rate of 4 miles per hour.

22. If the length of the base of the triangle is b inches,

its altitude is b - 3 inches and

- 3) = 14 .

The truth set is (7, -4).

The length of the base of the triangle is 7 inches.

23. If the width of the rectangle is w feet and

w(14 w) = 24

The truth set is (12, 2).

The width of the rectangle is 2 feet and the length

is 12 feet.

102
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12-6. Polynomials over the Rational Numbers or the Real Numbers.

The main idea here is that a polynomial, which is not factor-

able when considered as a polynomial over the integers, maybe fact.

orable when considered as a member of the wider class of all poly-

nomials over the real numbers. In other words, factoring depends

on the class of polynomials we have under discussion.

This is a good place to raise the question of whether or not

the polynomial x2 + 1 can be factored if we allow a wider class

of polynomials. It can be pointed out that, in order to factor

x2 - 2, we had to pass from the rational numbers to the real

numbers and, in order to factor x2 + 1, we must pass from the

real numbers to the complex numbers, which will be studied in a

later course. Note also the corresponding problem of solving

equations. The equation x2 - 2 . 0 does not have solutions if

only rational numbers are permitted, but does have solutions if

real numbers are allowed. Similarly, the equation x
2 + 1 = 0

does not' have real number solutions but does have complex number

Solutions.

Answers to Problem Set 12-6; pages 348-351:

1. (a)
ga2 .52.(a2

2) over the rational numbers

= .g.(a - vr-f)(a +.1/4/7) over the real numbers

(b) 17u(1 - 3u2) over the rational numbers

17u(1 - ,r5u)(1 + u) ,over the real numbers

(c) t3 - 3t2 +.4t = 221t(t2 - 6t + 8) .

= ;.t(t - 11)(t - 2) over the rational

numbers.

(d) .;t3 - 4t2 + st = ;t(t2 st + 16)

= 4.gt - 4)2 over the rational

numbers

[pages 347-349]
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(e) a4 16 = (a2 - 4)(a2 + 4)

(a - 2)(a + 2)(a2 + 4) over the rational

numbers

(f) hx2 + 9 is not factorable over the reals.

2. (a) 22 - 6 0

2(x2 - 3) . 0

2(x - vr5)(x +V-5) . 0

is equivalent to

(x vr3)(x +,/-5) = 0

is equivalent to

or x . 0

he truth set is (

(b) The truth set is (0, - .17)

(c) The truth set is (0)

3. (a) x2 + 4x - 1 = (x
2 + 4x + 4) - 1 - 4

= (x + 2)2

= (x + 2 - 4r3)(x + 2 +

(b) x2 + 4x + 2 = (x2 + 4x + 4) + 2 - 4

= (x + 2)2 - (

= (x + 2 - .,yr)(x + 2

(c) x2 + 4x + 3 = cx + 3)(x + 1)

(d) x2 7 bx + 6 (x2 - 6x + 9) + 6 - 9

= (x - 3)2 - (4r3)2

= (x - 3 vr5)(x 3 + V-3)

(e) Y2 - 5 = (Y - V(7)(Y + vr)

(f) (z 6 z - 6 +

(g) (s 5 - 2 vr6)(s - 5 + 2 17)

(h) 2(x - 2 - ,15)(x - 2 + yrIT), ---

(page 350]
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4. (a) y2 - ky + 2 = 0

(y
2

- 4y + 4) + 2 4 0

(y 2)2 - =

(y - 2 -vrg)(y - 4 + VrE) = 0

2 - = or y 2 + 0

y = 2 + NTT or y = 2 - vrE

The solutions are 2 + V-2- and 2 -

(b) The solutions are 3 + ./5 and

(c) The solutions are 5 + .../74RT and 5 -

(d) There are no solutions.

*5. (a) 49

(b) 9

.(c)
1

2
*6. (a) (a + a 4) (a + 4)

3 715.

(b) (Y 32' 4/7)(Y + +

(c) (x - q)(x - +

(d) not factorable over the real numbers

*7. (a) The truth set is

(b) The solutions are

(c) The truth set is

(d) The solutions are

(4 +

7 V-171
7 16.75.

+ -77-7! and 7,-

l and w
4:

[page 350]

105,

367



368

*8. (a) 2x2 - 12x - = 2(x2 - 6x - i)

2(x2 - 6x + 9 - 9

2 ((x - 3)2 -

3 +

*9.

3(Y - 4)(Y +

5(a - 1 %N,
TU 3sTma 11-1g

(3 -1-/7,71-, 3 -45-.)

(1 +1173, 1 -

(- _

2

12-7 The Algebra of Rational Expressions.

As the title of this section indicates, we hope that the

student has begun to feel that, in working with expressions such

as polynomials, he is dealing with a_system. It may be natural to

,bring this point out in class if the opportunity should arise,

although it is probably not a good idea to make an issue of it at

this time. The better students, at least, shOuld already be..aware

--that our work with expreSsions is based on OPerations,of addition

and Multiplication which have some of the same propertiesas the

corresponding operations for real numbers. Since wehave.empha
sized many times that these operations and their properties :are

what give the real number SysteM Its structure, these'..Studehts,

_should be_,about ready tothink of_the_systemof_expressions_in_

this more sophisticated way.. .

106
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The analogy between rational expressions and rational numbers

and between polynomials and integers should be emphasized.

Notice that zero (as well as 5, for example) is a rational

expression. In fact, zero can even be thought of as a polynomial

over the integers. If A and B are rational expressions, then

-A + B, A - B, AB are obviously rational expressions. Also, j4

is a rational ekpression if B cannot be written as the zero ex-

pression. However, there may be restrictions on the domains of the

variables involved in B in order to avoid division by zei,o. As

an example of an expression which can be written as the zero ex-

'pression, we have the expression

(x + y)(x - y) + y2 - x2

Since

(x + y)(x - y) + y2 - x2 =0

for all values of the variables x and y, an expression such

as

x + y

(X A(x Y)
y2 x2

is not a numeral for any values of the variables and therefore

cannot be admitted as a rational expression even with the conven-

tion of restricting the &main of variables. The expressions which

can be written as the zero expression are'precisely those express-

ions which represent the number zero for all values of the vari-

ables. In other words, they are "equal to zero" in the sense of

the definition mentioned in the introductory comments on this

chapter.

107
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Answers to Problem Set 12-7; page 354:

1. 3x 3 if x / 1 and x -1x + 1
x2 - 1

2. x2 if y / 1

x + 2
3. x + 1

if x / 6, x / -1

4. if b / 1, b / - 1, a / 0

(x + 3)(x + 1.) if x 3, x -5. 2x

6. 1 if x / 1, x / - 1

x

12-8. Simplification of S'ims of Rational Expressions.

Answers to Problem Set 12-8; pages 357-358:

3 2 3 2 x
3" 7 5x = 5 5x

15 2x 15 - 2x

55x
2

x
2

2.
1 1 1 1 . bc 1 . ac 1 ab
-a-. + E. 4" -a-. 'I -)C- B- F

bc ac ab bc + ac + ab
abc

1 1 1 . 2 1 . a . 2a2
3. a2 -7 7

2 a 4a
2 2 - a - 4a2

2a
2

2a 2a 2a

4. 5 4_ 1 = x,- + x - 1 4 + x
x - 1 x - x 1 x 1 x - 1

Ipages 354, 357]
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3 . m - 2 2 . m - 1
5. m - 1 m m - 1 n77---2

".m - 6 + 2m - 2
- 1)(M - 2)

6. x + 5 17:7 + 5

x2 - 3x - x2 - 5x
(x + 5)(x - 3)

7. 5m - n
-(m n)n

2 28. x - 2xy - y
TF-7y)(x + y)

9. 5a - b
12x - 2110.

11.

12.

(a - b)
7a - 7b + 6
(a - b.)-2

2)

6a - 10

8x - 115. (x - 2).2(x + 3)
2

2y
16.

17.

18.

1(7.977)

b + 2
2(b - 5)

[page 357]
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(m
5m - 8

- 1)(m - 2)

1.

8x
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5 + 2x
19.

lla + 65
20. Err: 5)(a + 5)

21. x - y

ab
22.

23. E-3-1

24. The set is closed under these operations. We hope that

the student is beginning to appreciate that he is dealing

with another system.

12-9. Division of Polynomials.

The fundamental idea in this section is represented by the

following property of the system of polynomials:

Let N and D be polynomials with D different from zero.

Then there exist polynomials Q and R with R of lower

degree than D such that N = QD + R.

This property is analagous to the following property of the system

of integers:

Let n and d be positive integers with d different from

O. Then there exist positive integers q and r with r

less than d such that n = qd + r.

The similarity of ,these properties accounts further for the

parallel between polynomials and integers.. Just as the division

process in arithmetic is a systematic procedure for obtaining the

integers q and r, the division process for polynomials is

simply a systematic procedure for obtaining the polynomials Q

, and R.

The technique of division should not be allowed to obscure

the idea behind division. Of mathematical importance here are the

structure properties of the system of polynomials which are implied

[pages 357-358]
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by the existence of Q and R. This is another case in which a

standard technique in elementary algebra must pay its way by carry-

_ing along some important mathematical ideas.

Answers to Problem Set 12-9a; page 362:

1. (a) -12a2 + 12

(b) -2x3 - 2x2 - 7x + 8

(c) -2y2 + 4y - 5

2. (a) 13a - 20

(b) - 11x2 - 6x - 6

(c) 2y2 + lly - 16

(d) 9

Answers to Problem Set 12-9b) page 363:

1. x - 21 2x
2 - 4x + 3 = 2x(x - 2) + 3

2x2 - 4x

3

Thus 2x2 - 4x + 3 = 2x(x - 2) + 3

2X2- 4x + 3
and x - 2

2. 4x2 - 4x - 15 . (2x - 5)(2x + 3)

4x2 - 4x - 15
2x + 3and 2x - 5

3. 2x3 - 5x2 - 8x + 10 . (x2 - 4x + 2)(2x + 3) + 4

and 2x3 - 5x
2

- 8x + 10 - x2 - 4x + 2 +
4

2x + 3 2x + 3

[pages 362-363]
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and

and

6. 3x3 - 2x2 + 14x + 5 .-- ( 2 - x + 5)(3x + 1)

3x3 - 2x2 +an = - x + 53x + 1

4. 2x3 - 2x2 + 5 (2x2 + 10x + 60)(x - 6) + 365

2x3 2'2 +5 . 2x2 + 10x + 60 +

2x5 + x3 - 5x2 + 2 = (2x4 + 2x3 + 3x2 - 2x - 2)(x - 1)

2x5 + x3 - 5x2 +2 - 2x4 + 2x3 + 3x2 - 2x - 2x - 1

Answers to Problem Set 12-9o; pages 364-365:

1. x - 3 1 x3 - 3x
2

+ 7x - 1

x3 - 3x
2

7x - 1

7x - 21

20

x2 +7

Check: x2 + 7)(x -7) + 20 = x3 - 3x2 + 7x - 1

Therefore,
x3 - )x2 + - 1 x2 + 7 + 20

2.

3.
3 2 - 1x - 3x + x + 3

4. 5x2 - 10x + 9
- 11

+ R-7-72.

5. 2x - 5

6. 2x
2 + x - 4 5x2- 2

7. x
3

+ x
2 +

112
[pages 363-365j



8.

9.

2
10. 3x 5 4- 3x 15

1g

11. lx2 2 4x 2x + 1

1

12. 2x +
2 4 2X -I- 1

375

note: the quotient is a poly-
nomial over the rational numbers.

15. N = QD + R

if R = 0 then N = QD and D is a factor of N.

Thus if N is divided by D and there is no remainder,

then D is a factor of N.

x + 3 1 2x
4
+ 2x3 -

72 14m - 3

2x4 + 6x3

- 4x3 - 7x-

- 4x3 - 12m1

2 - h5X + 1 4I

5t2 t,

- 3

_ 3

3 4 22x - x + 5x - 1

Thus, 2x4 + 2x3 7x2 + 1)4x - 3 = (2x3 - 4x2 + 5x - 1)(x + 3)

13

[.;:a45-t 3651
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Answers to Problem Set 12-9d; pages 366-367:

1. (a) 2x + 2 + a--x - 3

(b)
2

5 3

(h) 3x2 + 4x + 10 + 16x + 33
x2 - 4

2 2
1

(1) x
3 4. .)5x3

(.1) 3x x

2. (a) 3x
5 - 5x + 1

(b) x6 - x3 + 1

(0) 2x2 + 2x - 1

2

(d) (2x4 + x - 5)(2x4 - 5) +
x 5x
2x + x 5

Therefore, 2x4 + x - 5 is not a factor of

11-x8 + 2x5 - 20x2 10x + 25.

[pages 366-367]
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Answers to Review Problems; pages 369-375:

1. All except (i), (j), (k) are rational expressions.

(a), (b), (c), (d), (e), (f), (g), (q), (s), (v),(w)

are polynomials.

(b), (q), (v), (w), are polynomials in one variable.

(a), (b), (c), (d), (q), (s), (v), are polynomials over

the integers.

(e), (f), (g), are polynomials over the rational numbers

but not over the integers.

(w) are polynomials over the real numbers but not

over the rational numbers.

377

2- (a) 6 VE+ 6 ../5- , 2 vr5 = 121" 412- +

(b) .3.17371. =r3a2

(c) (x + y).%/77--i-y for non-negative numbers (x + y)

3. (a) ve75_ 6 NTT

(b) 3 + 2 ,i6-+ 2 = 5 + 2

(c) x - 1

4. (a) (x - 24)(x + 2)

(b) Not factorable over the integers.

(c) 3a2b3(ab2 - 2 + 4a2b)

(d) (x - y)(X y) -4 (x + y) = (x + y)(x - y 4)

(e).; (x - y)(x + y) + 2(x y)(x - y) - 3 (x y)(x - y)2

= (x - y) ((x + y) + 2(x - y) -3 (x y)2)

= (x - y)(x + y + 2x - 2y - 3x2 + 6xy - 3y2)

(x - y)(3x - y 3x2 + 6xy 3y2)

- 2)(2a - 5)

(g) (5a. - 2)(2a + 5)

(pages 369-370]
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(h) 4(x - y)3 + 8(x -
y)2 2(y x)2

= 4(x - y)3 + 6(x - y)2

= 2(x - y)2 (2(x - y) + 3)

= 2(x - y)2 (2x - 2y + 3)

x
2

+ 2ax + a2 - bx - ba - cx ca

= (x + a)2 - (x + a)(b + c)

= (x + a)(x + a - b - c)

(i)

5. (a) Positive factors of

K may be 13, 8, 7

(b) 6 1 + 5

2 + 4

(c)

3 + 3

K may be 5,8,9

(3-=

4)2

r--
(31/ 3)

2
= 27

9b
2

1-75-c

15b
2 + 91ab - 125a

2

175a2b2

a - 2b
ab(a - b)

Notice (y

(x - y)2

12 are 12

6,

4,

1

2

3

(x 33W--3Vx - 1)

116
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7. (a) x2 - x - 2

(b) x3 + 4-x2 - - 1

(c) x + 1

(d) x21- + x3 + x2 + x + 1

8. (a) (- if x 0

(b) (25)1 if 0, y 5

(c) (- if x -1, x -2

(c1) (2,-7), if n / 3, n -3

(e) 279-), if x / 3

If = -3,

1-31
2 1-31 = 12

9 + 3 = 12

= 0

. 0

= 0 lxi - 3 = 0

= Ix( = 3

x = -3
x = 3

If x = 3,

1312 131 = 12

9 + 3 = 12

Hence, the truth set is (-3,33.

[pages 371-372]
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(n + 3)
2

- n
2

=

= j

- n)(n + 3) + h)

10. x - 31 x4 - 5x3 + 6x2 - 3 Ix3 - 2x2

x - 3x3

- 2x3 + 6x2 - 3

- 2x3 + 6x2

-3

Therefore,

3. 6x - 5x + 2x - 3 . (x 2x )(x - 3) - 3

so that x - 3 is not a factor.

The degree of R is less than 3.

The degree of Q is 97.

When we use equality to indicate that one express-

ion is "written in" another form, it is always

understood to mean that the equation is a true state-

ment for all admissible values of the variables.

Hence, the truth set is all real numbers.

Any value of, x could be used. For example, if

x = 0, we obtain 1 . 2°(-1) + R and hence, R = 3.

A better value is x = 1 since in this case

2.1
4

+ 1 = 2(13 + 1
2
+ 1

1 + 1)(1 - 1) = R

3 = 2.4.0 + R

3 = R

The idea is that with this value of x the first

term on the right hamd side of the equation_is

automatiaally zero-regardless of what the number

2(x
3

+ x
2

+ x + 1) is. (See the next problem.)

118
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13. In this problem we do not know Q and it would be a

great deal of trouble to find it. However, the choice

of 1 for the value of x gives.

5-11
0
0+ 3.1

17 - 1 = Q(1 - 1) + R

7 = Q.0 + R

7 = R .

Therefore, we obtain the value of R in spite of not

knnwing what number is represented by Q when x = 1.

14. (a) Q has degree 7.

(b) If R = 0, x - 1 is a factor of kx8 + n.

(c) If x = 1, then

4.18 + n = Q.0 + R

15.

Hence,

x + 31

4 + =

if n =

2x17 - 5x15

2x17 + 6x16

R

-4,- then

+ 1 12x16

R = 0.

6x15

- 5x15 + 1

- 18x15

- 6x 16

- 6x16

13x
15 + 1

Therefore,

6

2x17 5x15 (2x16 6x15)(x + 3) + (13x15 + 1)

16. Theorem. If a and b are distinct positive real

numbers, then
a + b

>

Proof: If a + b - 2 fa > 0

then a + b - 2N(aro.+ 2 fa > 0 +

(addition property of order)

or a + b 2 Nf..

[page 373]
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Hence,
a + b

> ,./7.1; (multiplication property of order)
2

Therefore, we have only to prove that;

a + b - 2 5/-5. > O.

Observe that

a + b - = a - + b

Since, a / b, also yrE / vrE and thus,.../T. -VT/ O.

Since, the square of any non-zero real number is positive,

it follows that a + b - 2 la > O.

17. If x is the number of minutes until they meet, then

1
x TO- or TO- is the part of the whole job done by one

boy, and x A or il-;-' is the part of iphe whole job

done by the other boy. After x minutes have elapsed,

x x
the two fractions must total 1. Then

/
+ T = 1 and

30 15

x =18.

18. If n is the number of pounds of candy selling for

$1.00 per pcund that are to be used in the mixture, then

40 - n is the number of pounds of candy selling for

$1.40 per pound that are to be used in the mixture.

Then (n)(100) is the value in cents of the less expen--

sive candy in the mixture and (40 - n)(140) is the

value in cents of the more expensive candy in the mixture

and (40)(110) is the total value in cents of the

mixture. Then 100n + (140)(40 - n) = (40)(110) and

n = 30, 40 - n = 10. Hence, 30 pounds of $1.00 per

pound candy were included in the mixture, and 10 pounds.

of $1.40 per pound candy were included in the mixture. .

120
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lg. If x is the number of gallons of mixture removed, then

the amount of water at beginning minus water removed plus

the water added equals water at the finish.

.85(100) - .85x x = .90(100)

1
and x = 33 -

3.
1

Thus, 33 5 gallons of mixture were removed. An equa-

tion based on the amount of salt in the solution is

(.15)(100) - (.15)(x) = .10(100)

where x again is the number of gallons of mixture

removed.-

20. If r is the rate of the train, then lOr is the rate

of the jet. In 8 hours the train travels 8r miles

and in one hour the jet will go lOr miles. Then,

lOr = 8r + 120.

r = 60 the rate of the train in miles per hour.

lOr = 600 the rate of the jet in miles per hour.

2
21. If r is the rate of one train, the -T is the rate of

3
1

the second. In 3 hours and 12 minutes or 3 - hours
5

16 16(10 10 .6-5-r + 7 -

r = 30 miles per hour.

2-T = 20 miles per hour.
3

300
22. 10 hours one way

30

300 15 hours returning
20

Since the average rate for the whole trip must involve

total distance and total time, the average rate is

600 .

or 24 mile's pdr hour.

[page 374]
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23. If d is the distance in miles one way (d >.0) and

the rate is r miles per hour, the time one way is -r

hours. On the retum, if the rate is q miles per hour,

the time is hours. The total distance, 2d miles,

divided by the total time, Sri + fEt hours will be

2d 2d Ea 2drq
d d=d d rq dq + dr

+ + 74,

_gqra_ _Zna_ . d
1417-1=irj a + r 3

2rq
q + r

miles per hour, q 0,

applying this to Problem 22.

130)(20) 1200
0 + 20 -56-

= 24 miles per hour.

The student should observe that the distance traveled

dOes not affect the average rate.

24. If x is the first integer then x + 1 is its succestior

1
and the reciprocals are - and 71777 respectively.

, 1 1 27
Hence, + 7-7-1 - 187, it x ol x 71. .

182(x +-1) + 182(x) = 27x(x + 1)

(27x + 14)(x - 13) = 0

x - 13 . 0

x = 13

27x + 14 = 0

This equation has no solution among the integers.

122
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If x = 13, then

1 1 igi 14 15 27

7 + TT
or Igg 4-

1 162

Thus, the truth set of the sentence is (13) and the

required integers are 13 and 14.

x 3 J.
2x

x
25.

2

x x 2
2 - - 1, if x 0.

26. If x is the number, then

x2 = 91 + 6x.

x
2

- 6x - 91 = 0

(x - 13)(x + 7) = 0

x 13 = 0

x = 13

If x = 13,

x + 7 = 0

x = -7

If x = -7

13
2

= 91 + 6(13), (-7)2 = 91 + 6(-7),

169 = 91 + 78 49 = 91 - 42

Thus, the truth set is (13,-7).

27. If n is the number of mph for the faster car then

n - 4 is the number of mph for the second. Then

36o
is the number of hours during which the faster

360travels, and n 4
is the number of hours during which

-

the slower travels. Hence,

36o
n - 4 '

if n / 0, n / 4, n > 0

123
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360(n - 4) n(n - 4) . 360n

360n - 1440 + n2 - 4n = 360n

n
2

- 4n - 1440 = 0

(n 36)(n - 40) = 0,

n 36 = 0

This equation has

no solution among

the positive numbers,

n 40 = 0

n 40

If n = 40,

-36

9 1 = 10

Hence, the positive number of the truth set is 40, and

the rates of speed are 40 m.p.h. and 36 m.p.h.

23. If the width of the strip is w feet then the number of

feet in the length of the rug is 20 - 2w, and the

number of feet in the width of the rug is 14 - 2w.

Hence, two names for the area of the rug are available,

and appear as sides of the equation:

(20 - 2w)(14 - 2w) = (24)(9), 0 < w < 7

280 - 68w 4- 4w2 = 216

4w
2

- 68w 4- 64 . 0

w
2

- 17w + 16 = 0

(w - 16)(w - 1) = 0

w = 1

w - 16 0 has no solution such that w < 7

If w = 1

.(20 - 2)(14 - 2) = (24)(9)

(18)(12) = 216

(pages 374-375]
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Thus, the truth set of the original equation is (1).

Hence, the width of the strip is 1 foot.

29. If x is the number of units in the length of the

smaller leg, then 2x + 2 is the number pf units in the

longer leg. Hence, by the Pythagorean relationship,

x2 + (2x + 2)2 = 132, 0 < x < 13.

'-2-x2 + 4x + 8x + 4 = 169

2 n
5x + ox 165 = 0

(5x + 33)(x - 5) = 0

x = 5

5x + 33 = 0 has no positive solution.

If x = 5,

52 ((2)(5) 2,) = 132

169 . 169

Thus, the truth set is (5), and the shorter leg is 5

units in length, and the longer leg, 12 units.

V7T-15-= w, which is irrational.

fir "lb 4r.1752 which is irrational.
5

!c,CT6(-)-6- = 3/ 8 800 3.1755 3.17:5-6
vi(5000 = v1000000 100 50'

which is irrational.

( .43(71)( vr:Ig) = (-1)(.4) = -.4 which is rational.

[page 375]
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31. If the two-dlz_tt: number is 10t + uo the sum of_its

digits is u, and

32.

--+
- +

7.7 t 4

kt + ku + 3

3

1 = 1

u = 2t 1 am u is a positive integer 9.

u = 1, and tb number is 11;

u = 3, and t=e number is 23;

*t n u = 5, and tte number is 35;

then u = 7, and the numbqr is 47;

then u = 9, and the number is 59.

+ ll 3
u = 1, then

lot u
is 4 The

If

if

if

if

if

t

t

t

t

t

=

=

=

=

=

1,

2,

3,

4,

5,

If t = 1,

pair of values, t = 1, u = 1, should not be allowed

since the numberator, 3, of the remainder is greater

than the denominator, 2.

If t =

if t =

if t =

if t =

Hence, the solutions are 23, 35, 47, 59.

8

5

2,

3,

4,

5,

and

and

and

and

u = 3,
5

35
u = 5,

u = 7, 11

u = 9, W = 4 +

5'

3

126
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_ 51 I. _

Ix - 5, ?.

- 5 3 x - 5 -3

x > 3 x 2

The truth set is trv all x such that x > 8 or

x 2. The formal:- -lolas for solving inequalities such

as this are not ye i2ai1e, so the student will_have

to move toward the aT4U4Irlby careful trial of numerous

possible members o: le 731';', or, if he is seeking a.aess

haphazard approach, ithp make the plausible assumption

that if a and b e ocattive numbers and a2 > b2

then a > b.

34. (a) While the smal hat.d travels over a number of minute-

markings, x, 7he large hand travels-over 12x Of

these units. the hour hand is at 3 o'clock

positionv it has .a I5-unit Hhead-start" over the

minute hand at: the time 3:00. Thus

121: = x + 15.

If x =
,

-1-2 then
11

12(if, = + 15,

lao 180

Thus, the truth set of the equation is (4) and

4the time when the bentim are together is 16.a.

minutes after 3 oloIock.

27
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(b) In part (a) both hands came to the same min=zar'

divimion; in part (b) the minute hand is to(mM.0

to a-reading 30 units ahead of the hour hanf.,-

Hence, an equation for part b is

-1
-12x = (x + 15) + 30 and x = 4 Tr

And 7,he hands will be opposite each other at 49

minutes after 3 o'clock.

35. If the number of steers is s and number of cows is

then,

25s + 26c = 1000

25s = 1000 - 26c

1000 - 26cs =
g5

s = 4
26c

0 - 25

If s and c are

divisible by 25.

a multiple of 25,

prime to each other.

25,
26c

positive integers then

This is true when c =

because 26 and 25

= 26 and a = 40 - 26

= 52 and s = 40 - 52

= 78 and s = 40 - 78

260 must be

25, 50; 75,...,

are relatively

= 14.

= -12.

= -38.

If c =

26 c
If c = 50,

26c
If c = 75,

It is thus apparent that if c > 50, s is a negative

number. Hence, c may only be 25

and s = 40 - 26

= 14.

So he may buy 25 cows and 14 steers.

128
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If we were to solve the original aquatic= instead for c

1000 - 25z
c - 26

s would _71ave t be chosen zo a to ma2a 1000 - 25s

divisible b-y Though this can be dmae, it is plainly

more diff:Lault-than the other approach.

129
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Siwgested Test :temi93

1. ..Uass1f:--7°, expressiolls by writing the iden-

7ifying letten- of the expression in the spades provided.

Ine exnressi=nimay fall into Irx.ro than one classification._

t,a) (x + 2) (e)

(b)

( c ) x

(d) 3x-2- ±

(f)

(g)

(x,- 1)x - 2)
- 2)

Ix 11

rational expressions

'polynomials over the real =umbers

polynomials over the

polynomials over the

none of the above

2. Factor over th Integers,

(a) ax
2

ax - 6a2 td)

(b)
2.

- 16

(c) x - 20

(e)

(f)

rational numbers

integers

if possible.

6x2' llx - 72

(2a - b)2 - (a - 2b)2

ab - 3b2 + 2a
2
- 2ab

3. Find ...E1= truth sets of thfnllowing:

(a) x4.- + 3x . 54 (d) 10 llb - 36

y + J.17.6 = 15y

(f) 27x2 = 42x +, 49

4. TEW.TA WtBt: votzeaues sot ."4. Is ;.a --trgIe having sides. of

.x - -7- -rr..P.-==, .x: Immbes, AztLx 1 Inches, . a. right

triamIe77,

5. Prove an.':-dimperove that Ix -1.1s: a factor of

6. For each Integer y show that Cz 5)2 y2 s divisible
by 5.

13 0
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Write an expression for x in-terms of a and b if

ax a
2 = ab - bx,

8, If (x + 1)(x + 2)(x + 3)(x +,) -=:x4 + 6x3 + 23x
2 + 22x

+ 12 where a is an inter;er fi=d a.

9. Simplify

(e)

3 4

x2 - 4x - 5 x2 +

z 3
2z

3a
a -

z +

z
2

b - a

6a

1 +
1-
2

2 +--x

a
2 - 1 a - 26

a
2 - 5a + 6

10. Explain when
(x - 1)(x

- -24

2) is equal to (x - 1).

11. Consider the set of pc17:nomia1s over the even integers.

Is this set baosed under-addition? Is this set cloaed

under multipaication?

12. Find the integers a, b, -Exid c in the followinz

(bx + 2)(3x - a) = 6x2 c,

13. By what pmlynnmial cJd 2 be-multiplied to ge7-the

polynomial
-,-5x + 14.
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Chapter 13

TRUTH SETS OF OPEN SENTENCES

In this chapter we take a more careful look at the process of

finding-the truth set of a sentence. By developing a ilgorous

theory of equivalent equations and equivalent inequalities, we

are able to determine when a new sentenze has the s=lure truth set

as the original sentence without havire-to check in ttze original

,sentence.

Material on open sentences and eanivalent sentenc-zs will be

.found in Studies in Mathematics, VOlmne, III, pages 6.8-6.16.

13-1 Equivalent Open Sentences.

The important concept being emphasized here is an zaderstand,-

ing of wja sentences are equivalent. If ydur students lhave any

-trouble with the technique of deciding what to do to a zent.ence-=a

obtain a simpler sentence, you may want to paint outaxman

carted addition can be "undone" by adfi--:1Tz Ute. oppmsite (esin

adding (-2.77) in Example 1) and an lnAtmated noultimlIeattam can

be "undone" by multiplying by the recipmca2 (as in mzitipayinghy.

17 in Example 1).

Answers to Problem Set 13-1a;pages 379-LEI:

1. In parts (a), (b), (c), (d), Cg), (h), (1),

the sentences are equivalent.

(a) 2s = 12 =

.;(2s) = 12 az

s = 6 .2B



396

(b) = 35 + 12 2s = 12

5s - 3s = (3s + 12) - 3s 28 + 3s . 12 + 3s

2s = 12 5s =3s + 12_

(c) 5y - 4 . 3y + 8

5Y - 3y = 8 + 4 2y = 12

2y = 12 5y - 3y 8 + 4

y = 6 5y - 4 = 3Y + 8

(d) 7s - 5s = 12 s = 6

2s = 12 2s = 12

s = 6 7s - 5s = 12

(e) Not equivalent. 2 is a member of the truth set

of x
2 = 4, but not of 2x

2
+ 4 = 10.

(f) Nbt equivalent. is a member of the truth set of

-3x + 9 - 2x = 7x - 12, but not.of _Z - x.

(g) x2 = x - 1 1 = x - x
2

2 2x + = x x + , = x

=l.x-x2 x2 = x - 1

1
(h) lyiY 3+ 2

7 1 (Iy1+2) = 3( IA +2)
IYI+ 2

Y.- = 3(1y1 + 2)

(i) x2 + 1 = 2x

x2 - 2x + 1 = 0

(x - 1)2 = 0

y - 1 = 3( I Y I +2)

(Y-1)1y2I - 3(1Y1+2)17.§7.4 2

[pages 379-380]

1 -z

IYI 2

(x - 1)2 = 0

x2 - 2x + 1 = 0

x2 +.1 = 2x



(I)

(m)

Not equivalent. 1 is a member of the truth set of

x2 - 1 = x - 1, but not of x + 1 = 1.

2
= 0

x4 + 5

x2 + 5(x245)=0(x245)

x + 5

x2 + 5 . 0

(x2+5)-1---0-1--
x`15 -x-4+5

X2 +5
X
2

+ 5 =
X2 + 5

, 2
kx + 5 iS a non-zero real number for every value

of x.)

Not equivalent. 0 is a member of the truth set of

2x + 5

x + 5
but not of

- x2 + 5 = 1.

Not equivalent -1 is a member of the truth set of

+ 11 = Op but not of v2 + 1 = O.

2. The sentences are equivalent in (a), (b), (c), end (f).

3, (a) y = 12

(b) x = 20

(c) t = 1

4. (a) llt + 21 = 32

llt = 11

t = 1

The truth set is (1).

(d) s
1
15

(e) x = 2

(0 y = 1
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(b) 5 5

(.;L f)30 =

4o - 6y . 15

4o - 15 = 6y

25 . 6y

2517= y

The truth is (i.26.5.1set

(c) (80) (g)

(a) (o) (h)

(e) (6) (i)

(e) 0

(j) y4 + y3 + y2 + y + 1 =

2y3 +.2y = 0

2y(y
2

+ 1) = 0

- y3 + y
2

- y + 1

2 0 or y = 0 or y2 + 1 0

Since 2 and y2 + 1 can never be 0,

the truth set is (0).

(k)
,2

x2 + 3x = x -

o2 c
2.x + x = 2x + x2

x2 + kx = 0

x(x + 4) = 0

x = 0 or x + 4 = 0

x = 0 or x = -4

The truth set is 10, - 4)

135



5. Any algebraic simplIfication is permissible which

(1) does not change the domain of the variable,

(2'! replaces a phrase with another:phrase which is:a

name for -title same number for all permitted values

of the vP,miab)e.

Such simplificatimm include combining terms and .

factoring: as
o
in the first two examples. On the

- 4other hand -4 and x + 2 = 4 are not
-x -2

equivalent. Their domains are not the same.

6. (a) Equivalent; combined terms in left member.

,(b) Equivalent; Lactored in left member.

(c) Not equivalemt; 0 is a member of the

3x
2
,= 6x izt not af 3x = 6.

truth set of.

(d) Equivalent:- pel.?T;=d a real number '(-6x) to both

members-

(e) Equivala=t; .aotbined terms in both numbers.

(f) EquivaIPrit; If = y, then y = x.

(g) Not equivaLent; 0 is a meMber of the truth set of
2 0,

2 = y + 2, but not of 2 - Y

(h) EquivnTr.nt. ,Applied distributive property and com7

bined terms dn left member.
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Answers to Problem Set 13-lb; pages 383-385:

1. A real number for A non-zero real number

every value of the for every value of the

variable. variable.

(a) yes no

(b) no no

(0) no no

(d) no no

(e) yes no

yes yes

(g) yes no

(h) yes yes

(i) yes yes

(i) yes yes

(k) no no

(17) no no

In part (j) it may appear that there is no vari-

able involved. In certain contexts, however, -3

may be considered as an expression in x such as

-3 + Ox. If we have such a variable in mind, it is

certainly true that -3 remains a non-zero real

number no matter what value is assigned to the

variable.

2. (a) Y A
y - 2 -'

Y = 3(Y - 2)

Y = 3Y - 6

6 . 2y

3 = Y

and y / 2

and y / 2

and y / 2

and y / 2

and y / 2

The truth set is (3)
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0 = x-

The truth set is 0)

(Since, x2 + 1 is a non-zero real number tor a11:

-values of x, it was not necessary to restrict the

domain of x.)

1 2
(c) + 3 = and x 0

1 + 3x = 2 and x / 0

3x = 1 and x / 0

1x = and x / 0

The truth set is 09.
3

( d ) + xx 3 2 and x / 2

1 + (x - 3) = 2(x 2) and x / 2

x - 2 = 2x - 4 and x / 2

2 = x and x / 2

The truth set is A.

(e) - RTI + 1 = R7177 and x -1

-1 +(x + 1) = x and x -1

x = x and x -1

The truth set is the set of all real numbers except
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(f) x(x2 + 1) = 2x2 + 2

x(x2 + 1) = 2(x2 + 1)

x . 2

The truth set is (2).

(We were permitted to multiply both members by

1
and be sure cf ottaining an equivalent

x + 1

1sentence because
+ 1

for all values of x.)

3. If the rectangle is w

inches wide, then it is

15 - w inches long, and

w(15 - w) = 54

15w - w2 = 54

0 = w2 - 15w + 54

0 = (w 9)(w - 6)

w 9 = 0 or w - 6 = 0

w 9 or w = 6

or If the rectangle is w

inches wide, it is

inches long, and

2w + 2. ;LI = 30 and

2w
2

+ 103 . 30w and

2w2 - 30w + 108 = 0 and

2(w - 9)(w - 6) = 0 and

s a non-zero real number

15 - W

5 4

w 0

w 0

w 0

w 0

2 = 0 or w - 9 = 0 or w - 6 = 0 and w 0.

The truth set is [6,0
The rectangle is 6 inches wide and 9 inches long.

[page 3810
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(Notice that we cannot use the value w = 9 since we

designated w as the width, or the shorter side. The

length, 9 inches, comes from 15 - .w in the first

method and in the second method.)

4. If the first integer ic 1,

12 + (i + 1)2 + (1 + 2)2 =

1
2

+ 1
2 + 21 + 1 +

2
+ 4i

then

61

+ 4 61

312 + 6i - 56 = 0

Since, the left member is not factorable over the

integers, there are no three successive integers the sum

of whose squares is. 61.

5. If n is one of.the numbers, then the other number is

8 - n, and

1 1 2

= 2n(8 n).

and

and

n / 8,

n / 8,3(8 - n) + 3n

24 - 3n + 3n . 16 n - 2n2 and n / 8,

2n2 - 16n + 24 = 0 and n / 8,

n
2 - 8n + 12 = 0 and n / 8,

(n - 6)(n - 2) = 0 and n / 8,

n. 6 = 0 or n - 2 = and n / 8,

n = 6 or n = 2 and n / 8,

The truth set is (6,2)

One number is 6 and the other is 8 - 6, or 2.

n / 0

n / 0

n / 0

n / 0

n / 0

n / 0

n / 0

n / 0
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If there were g girls, then there were (2600 - g) bo

2600 - g 7
g and g / 0

6(2600 - g) = 7g g / 0

15600 - 6g = 7g g / 0

15600 = 13g gjLO

1200 = g gjLO

The truth set is (1200)

There were 1200 girls.

For some purposes it is convenient to knoW that iftwO
anumbers have the ratio p the numbers nay be represent

ed as . ax and bx where x is a positive number,
ax asince .--E if x / 0 and b / 0. L. .uls problem,

then, we could say:

If there were 7x girls, then there were 6x boys,

(since, x / 0), ,and 7x + 6x = 2600.

Thistype of problem does not appear frequently ,enough

in this course to warrant making much of this technique;

You may wish to mention it.

3x + 18 = y + 23

is eciuivalent to

3x + 18 + (-23) y + 23 + (-23)

3x - 5 = y

y = 3x - 5

Hence, the two sets of solution pairs are identical.
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. A chain of equivalent sentences:

4x - gy 6

12x - 2y 18

12x - 18 2y

6x - 9 y

y 6x - 9

9.
x 4

2x - 5

The sides are of length 10 and 15.

10. If k quarts of weed killer are used, then 40-1c .quarts,:':

of water are used.

40 lc. k

There should be 6 quarts of weed-killer.

,Equivalent InequaIttles.

Just as for equatImnsi the thing we must look for:in establish-

ing the fact that two inequalities are equivalent.is whethei, trie

...operations we pel.form, call:be reversed to cariy us:beak frOM:the:

eimpler one to the given one. If.they ban-be reversed,:We know

tnat the truth set of the original inequality is a subset ofthe.

truth set of the newinequality and the' trUth set of the new:One is,H
. _

,

'a'subset'of the original one. The two truth sets are therefore

identical.

4iitaaa. As with equations, you may want to point out to your ,

:A:students that inequalities may be simplified if we know how to

y'undon some of the indicated operations, Indicated additions can

'be...!lundone" by adding the opposite, and indicated multiplications

can be "undone" by multiplying by the reciprocal.

142
[pages 384-385]



406

:Jage386. in,Example 1 and Example 2, .the trUth se.tof, theH

'final inequality is the truthsetof the original inequality 1.)p.

cause onlyoperatiOns yielding.equivalent inequalities wereUsed..

No checking is necessary.

Answers to Problem Set 13-4 pages 387-388:

1. (a) x + 12 < 39

x < 27

The truth set is the set of all real numbers less than

27.

(b) < 36 - x

x < 36

x < 36. 12

x < 21

The truth set is the set of all real.numbers less than.

21.

(C) The set of all real numbers greater than N/T.

(d) The set of all real numbers less than ,r5:

(e) The set of all real numbers greater than 2.

(0 The set of all real numbers less than 12.

(g) .The set of all real numbers.

(h)

(i) The set of all real numbers.

2. (a) 1 < 4x + 1

0 < 4x

0 < x

and 4x + 1 < 2

and 4x < 1

and x <

The truth set is the det of all real numbers between

1and
Tr.

[pages 386-387]
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(b) 4t - 4 < o

4t < 4

t < 1

and 1 - 3t < 0

and 1 < 3f

1
and

3

The truth set is the set of all real numbers between

15 and 1.

(c) Me set of all real numbers'between -
2

(a) The set of all reaLmumbers which are either less

1 1
than - or greater than..7.

CO 1 x - 11 < 2

aa the number.line the distance between x and I

must be less than 2. Hence,

1 - 2 < x < 1 + 2

- 1 < x < 3

The set of all real numbers between - 1 and 3.

12tI < 1

2 ItI < 1

t1 <

On the number line the distance between t and the

origin must be less than N

1 1
The set of all real nUmbers between - and r.

(g) lx + 21 <

lx - (-2)1 <

The set of all real numbers between - and . -
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(h) 1y 21 > 1

1Y - (-2)1 > 1

The set of aIl real numbers which are either less ,than
-3 or greater than -1.

-1 1-
a

h loaniimisrma--il--0141
- 4 - 3 - 2 - I 0

4 . (c), (e) and (f) are negative real numbers for every value

of x. See the note for Problem 1(j) in Problem Set

13-1b.

5 . 3y - x + 7 < 0

3Y < x - 7

y < 4(x - 7 )

When x = 1, y < 4.(1 - 7)

Y < - 2

The truth set is the set of all real numbers less than -2.

3y - x + 7 < 0

- x < - 3Y - 7

x > 3Y + 7

When y = - 2, x > 3(..2) + 7

x > 1

[pages 387-388]
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The.truth set ds the set 6f all real'numbers greater

than 1. 12"
W

6. If the rectangle is w inches
12

wide, it is inches long,

since the area is 12 square
12

inches. Then -17 < 5. Since,

by the nature of the problem,

w > 0,

12 <5w

<I

2
The width of the rectangle is greater than a-

5
inches.

7. If n is the negative number, then

1
n < and n < 0

n
2 > 1 and n < 0

n < -1

The truth set is the set of all real numbers less than-41.

At t'his point the students have no formal_way of solv=

2.ing n > 1. They can, however, go back to-the method of

making an intelligent guess and verifying .it with the

help of the number line. This is still a useful method

when we do not have a better one. Later in Section 13=6

the student may look more closely at solving zentences

such as n
2 - 1 > 0.
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13-3. Equatlons Involving Factored Expressions.

Page. 388. If (x - 3)(x + 2) = 0, then x - 3 0 or x + 2 =

If x - 3 = 0 or x + 2 = 0, then (x - 3)(x + 2) . 0. Again,
the fact that this process is reversible makes it possible for us
to know that

(x - 3)(x +2) = 0
and x - 3 0 or x + 2 = 0

axe equivalent sentences.

If there are several factors, as in abcd = 0, then the
equivalent sentence is

a = 0 or b = 0 or c = 0 or d = 0.
The truth set of (x + 1)(x - 3)(2x + 3)(3x - 2) = 0 is

(-1, 3,

Notice what can be said about an equation such as

3x(x + 2)(x - 3) = 0.

An equivalent sentence is

3 . 0 or x = 0 or x + 2 = 0 or x - 3 0.

Since the truth set of 3 = 0 is 0, the truth set of the given

equation Is (0, -2, 3).

Answers to Problem Set 13-3a; pages 388-389:

1. (a) (a + 2)(a - 5) =

a + 2 = 0 or a - 5 0

a = -2 or a = 5

The truth set is (-2,5).

(b) (-3, -1, 2, 0).

(0)

1 4 71

[page 388]



(a) x2 - x - 2 = 0

- 2)(x +.1) = 0.

x - 2 = 0 or x + 1 =

x = 2 or x = -1

The truth set is (2, -1).

(o) (11, - 11)

(c) (1, -1, 73, -2)

(d) (VT, - qn, 2 IT., -

(e) (0, 5, -5)

(f) (- 3)

(g) (0,1)

(h) 0

(i) (6,1)

(j) (2 + 2 -vrE)(See Problem 3 in Problem Set 12-6

(k) (-3 + 4e717, -3 _

3. We guess that 2 i6 a solution.

x cannot be negative or zero.

If x > 0 and x < 2

x2 < 2x

and 2x.< 4

from which x2 < 4 by the transitive property ,of

order. If x2 < 2x and x > 0,

x3 < 2x2

and if

2x
2

< 8

Hence, x3 <6 : by the transitive property of

order. This shows that no number less than 2 is a

solution.
[page 369]
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Similarly no number greater than 2 is a solutiOn..

Since,. 23 the truth.set is [2).

It should be sufficient if the itudent argues in-

tuitively that if x < 2,.x3 < 8 and if

x > 2, x3 > 8.

4 4x =

(x
2

) - 1 = 0

(x2 1)(x2

(x2 + 1)(x + 1)(x,- l). = 0

x2 + 1 = 0 or x 1.= 0 or - = 0

x = -1 Or x = 1

The truth set is (-1, 1).

5. (x 1)(x + 1)x

6. (x - 3)(x - 1)(x + 1) = 0 and 21 < 2

(x - 3 . 0 or x = 0 or x + 1 = 0) and

(0 < x 00

(x = 3 or x . 1 or x - 1) and (0 < x < 4)

The truth set is. 13, 1).

Page 390. There are times when we are tempted, or even forced,

to do operations on sentences which will not necessarily give

equivalent sentences.

One of the temptations is to eliminate a factor which we see

in every term by multiplying by its reciprocal. If the reciprocal

is not a real number---if its denominator is zero for some x,

or if a square root is present---this may cause trouble. In the

example given, the original equation has the truth set

(7, 1, -1), while the equation obtained by eliminating the

factor x2 - 1 has the truth set (7).

1.459
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Page 390,. The generalization given is of interest and the

students should be encouraged to follow carefully the steps. In

practice, however, it is probably best to proceed as was done in

the example above, not just to apply the conclusion,of the

generalization.

Answers to Problem Set 13-3b; page, 391:

1. (a) x(2x - 5) = 7x

x(2x - 5) - 7x = 0

x(2x - 5 - 7) = 0

x(2x - 12)=.0

x 0 or 2x - 12 = 0

x = 0 or x 6

The truth set is (07,6)

(b) (-3,2,-2)

(c) (2,-3)

(d) (2,-2,0)

(e) (5,3) (Notice that each member of the original

equation can be'factored.)

2. No. 1 is a member of the truth set of

(x - 1)x2 = (x - 1)3,

but 1 is not a member of the truth set of x
2

= 3.

Since x - 1 is 0 when x = 1, we would not expect the

two sentences necessarily to be equivalent.

3. The truth set of t2 = 1 is (1,-1).

The truth set of (t + 1)t2 = (t + 1)*1 is (1,-1).

In Problem 2 the truth set was enlarged by multiplying

by (x - 1).
150
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.In Problem 3 the truth set was not enlarged by multipli:.

ing by .(t + 1) because (-1), the number which makes

t + 1. equal to 0, is already a member of the.truth

set of t2 = 1.

13-,4. Fractional Equations.

Usually in order to simplify a fractional equation we multiply:.

iay an eXpression that is a product of factors of the denominatora:-

'in_the equation. This expression may not be a non-zerd real:nUmber

'e.,nd we have been warned that this may not give an equivalent equa..

:tion. We-find, howevei., that we can avoid trouble-if we are care!.

'fUl.to exclude the values of the variable which Make the multiplier,

zero; so we must be careful to exclude values of the variable which

Ariake any one of the denominators zero. Thus in

1 1
,3E. -17:75E we require that x 0 and x 1.

x 1PageS92. The-sentence + - 0 is equivalent to the sentence
. ---

x + 1 = 0 and x - 2 / 0", or to "x,= -1 and x / 2". The

truth set of the last sentence, and therefore of the first sentence

is (-1).

The "suitable polynomial" is x(1 - x).

Page 393. The example which comes out equivalent to "x / 2

_and x = 2" has 0, of course, as its truth set.

In ProbleM Set 13-4, Problems 10 and 11 are of

particular interest and importance because they illustrate some of

the unusual things which can happen. They show why it is necessary

to keep in mind the domain of the variable.
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Answers to Problem Set 13-4; pages 393-394:

1. qz = 10x and x / 0

2 - 3 . lox and x 0

1
and x / 0

1Solution: - y.

2. - 5-)6 = 10.6

3x- 2x = 6o

x 6o

Soltuion: 60.

3. (x + ?)x = 2x and x 0

x2 + = 2x and x / 0

x
2

- 2x + 1 = 0 and x / 0

(x - 1)2 = 0 and x / 0

(x - 1= 0 or x - 1 = 0) and (x 0)

x = 1 and x / 0

The truth set is (1).

4. (2,-1)

5. .(3-)

6. (--37)

7. (17' 74T)Y(Y 4) = 1.Y(Y 4) and y 0 and y / 4

(y - 4) - y = y2 - 4y and y / 0 and y / 4

o = y2 - 4y 4, and y 0 and y 4

o = (y - 2)(y - 2) and y 0 and y 4

y = 2 and y 0 and y / 4

The truth set is (2). 152
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8. 0

9. (-1
'

-3)
3

10. + (x - 2) = 1.(x - 2) and x / 2

-2 + x = x - 2

-2 = -2

and x / 2

and x / 2

The truth set consists of all numbers in the truth set of

-2 = -2 that are not 2. .The trutk.set of -2 = -2 is

the set of all real numbers. 'The desired truth set

consists of all real numbers except 2.

11. (x2 - 1)(x + 1)

x(x2 - 1)

x(x - 1)(x + 1)

=

=

=

0

0

0

and

and

and

x + 1 /

x + 1 /

x / -1

0

0

3.)

(x = 0 or x = 1 or x = 1) and x / -1

The truth set is (0,1).

12. (0)

13. 0

14. (0)

*15. (-

*16. (1 + vrT, 1 - vr) (The method of Problem 3 in Problem

Set 12-6 is needed here.)

17. If n is the number,

1n + = -2 and n / 0

n2 + 1 = -2n n / 0 i

n
2 + 2n + 1 = 0 n / 0

(n + 1)2 = 0 n / 0

n = -1 n / 0 153
The number is -1.
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18. (a)
1In one hour press A can do -5 of the job.

1In one hour press B can do ,7 of the job.

In h hours press A can do 3 of the Job.

In h hours press B can do of the Job.

h , h
72- =

(The 1 represents one whole job, which is equal

to the sum of the fractions of the job.)

(131 + . 6

2h + 3h = 6

5h = 6

6h=

The ,presses A and B can complete the job together

1in 1 hours, or 1 hour and 12 minutes.

(b) If press C takes c hours to do the job alone,
1

then in one hour press C can do of the job;

2
in 2 hours press C can do of the job;

2
in 2 hours press A can do of the job.

2 2 = 1 and c / 0

c . 6

It would take press C 6 hours alone.

(c) If press A works a hours after B stops, then

1 1 a ,
+

3
5 + =

1a =

1
Press A takes .g hour to finish the job.

[pages 393-394]

154



19. (a) A = 1)1 h2

2A = bh
2A = 1 and b 0

(b) T= and R 0

TR = D and R/ 0

R = and T 0, R 0

(a) A = ih(x 3r)

2A = h(x y)
2A = h and x + y 0x + y

(d) S = ri(a +1)

2S = na + n

2S na = n
2S - na

or S = Lk(a2 +1)

and

andn
2S a = and

n 0

n 0

n 0

1 1(e) + 1 and a / 0, b

+ "-)ab ab and a / 0, b

b + a = ab and a / 0, b

a = ab - b and a / 0, b

a = (a - 1)b and a / 0, b

a = b and a J4 0, ba - 1

[page 394]
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13-5. Squaring.

If a =.b, then a and b are names for the same number.

If that number is squared, a
2 and b

2
are names for the new

number and a2 = b2. Some people like the more formal way of

saying this; if a = b then a2 = ab and ab = b2; so a2 =,b2

by the transitive property of equality.

This does not work in reverse because there are two square

roots of a
2

and of b
2

. Thus we could say that k-33 = (3)
2

,

but - 3 3.

Here is a chain of equivalent sentences.

a
2

= b
2

a
2

- b
2
= 0 Addition property of equality

a - b)(a + b) = 0 Factoring

a - b = 0 or a + b = 0 xy = 0 if and only if

x = 0 or y = 0

a =-b or a = -b Addition property of equality

It is apparent that squaring both sic:kis of an equation usually

does not yield an equivalent equation. l'aid yet in solving certain

equations involving square roots or absolute values we need to

square both sides. We do so then, bearing carefully in mind th t

we may expect to find a larger truth set in the new equation. We

must therefore test the members of this truth set to find which

ones really make the original equation true.

Answers to Problem Set 13-5a; page 395:

1 x 2
= 4 has the truth set (2,-2 whereas

x = 2 has the truth set (2).

2. _(x - 1)2 = 12 has the truth set (0,2), whereas

x - 1 = 1 has the truth set (2).

3. (x + 2)2 = 0 has the truth set (-2), and

x + 2 = 0 has the same truth set.

[pages 394-395]
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- 1) - 2 has the truth set [3,7].

x - 1- = 2 has'the truth set (3).

Answers to Problem Set 13-5b; pages 397-398:

_J.. = + x

2x = 1 + 2x + x
2

0 = 1 + x
2

The truth set is 0.

2. NrE7T-I = x + 1

2x + 1 = x2 + 2x + 1

0 = X
2

X = 0

If x = 0, the left member: 2.0 + l= 1

the right member: 0 + 1 = 1

The truth set is (0).

3. V-27-17-1 - 1 = x

= x + 1

x + 1 = x
2 + 2x + 1

0 = x
2

+ x

0 = x(x + 1)

x = 0 or x = -1

If x = 02 the left member: ../57T-T - 1

the right member: 0

If x = -1, the left mamber: 1:17--1 -1 = -1

the right member: -1

The truth set is (0,-1).
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4. %/Tx - x + 3 = 0

4x = x2 - 6x + 9

0 = x2 - 10x + 9

0 = (x - 9)(x - 1)

x - 9 = 0 or x - = 0

x = 9 or x = 1

If x = 9, the left member:

the right member:

If x = 1, the left member:

/1177§- - 9 + 3 = 0

0

.../T:T. - 1 + 3 = 4

the right member: 0

The truth set is (9).

5 3 Nri7-1-13 = x + 9
9(x + 13) = x2 + 18x + 81

9x + 117 = x2 + 18x + 81

0 = X2 + 9x - 36
0 = (x + 12)(x - 3)

x = -12 or x = 3

If x = -12, the left member: 3 .1-12 + 13 = 3

the right member: -12 + 9 = -3

If x = 3, the left member: 3 3 = 12

the right member: 3 + 9 = 12

The truth set is (3).
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1**1 x + 1

4x2
2-= x + 2x + 1

_3x2 - 2x - 1 7 0

(3)c 71- 1).(x = 0

3x + .= 0 or x 1

1
x = - or x = 1

1Ifx=--the left-member: 12(.; 3)

1
the right meme.r: r- + 12- 5

If x = 1, the left member:. 12.11=2

the right member: 1 + 1=

The truth set is -1, 1).
3

2x = xl + 1

2xl= Ix
4x2 + 1 =

h
3x

2
- 4X -1- 1 = 0

(3X - 1)(X - 1) = 0

X -4 or x = 1

If x = the left member: 2
1 2

_ = 5

the right-member: -141+ 1 =

If x = 1, the left memberl 2.1 = 2

the right member:. ill + 1 = 2

The truth set is (1).
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8. x= 12x1 + 1

x 1 = 12x1

x2 - 2x + 1 = 4x2

0 = 3x- + 2x - 1

o . (3x - 1)(x + 1)

If

the right member: I 2(-1) I + 1 = 3

The truth set is 0.

9. x x1 = 1

x 1 = lxi
2x2 - 2x + 1 = x

or x = - 1

1

'

1

3
Ifx

3
the left member:

the right member: 241 + 1 =

x = -1, the lett member: -1

-2x + 1 = 0

1x =

1 1 1
If x = 7, the left member: 7 - _

the right member: 1

The truth set is 0.

10. Ix - 21 = 3

x2 - 4x + 4 = 9

x2 - 4x - 5 = 0

- 5)(x + 1) = 0

= 5 or x = -1 6 0

[page 397]
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If x = 5, the left member: I 5 - 2
J

= 3

the right member: 3

If x = -1, the left member: 1-1 -2 I= 3

the right member: 3

The truth set is (5,-1).

11. For every real number xp lx1 2 = x
2

.

Proof: If x > 00 lx 1 = x

2 2
so lx 1 = x

If x < Op lx 1 = -x

so
2 (-42;

but
(_x)2= x2

so
Ix12 x2

12.
Ix

31 = x + 2

x2 - 6x + 9 = x2 + 4x + 4

5 = 10x

1r=
1If x

'
the left member:

2

the right member: -32z. + 2 =

The truth set is 41.

161
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13. If the other leg is x inches long,

the hypotenuse is .182 + x2 inches

long. (Since (hypotenuse)2
82 x2)

.1 82 + x2 = (8+ x) - 4

V(64 + x2 4 + x

64 + x2 16 + 8x + x2

48 8x

6 = x

If x = 6, the left Member:
N/82 62 v464 + 36 =

1lUo . 10

the right member: (8 + 6) - 4 . 14 - 4 = 10

The other leg is 6 inches long.

14. t =

,2 2s
u =

g

t
2
g 2s

s

If t = 6.25 and g = 32,

(6.25)2.32
2

(4)2.32

s =
2

s = 625

162

[page 397]
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15. t

2 2s
t =

t
2
g = 2s

2sg

This, of course, assumes that t > 0, s > 0 g > 0.

2s fg
If g = -

2st`

2st2

= t

16. (a) Not equivalent. The numbers x = 0, y = -1 satisfy

the first sentence but not the second.

(b) Equivalent. For every pair of numbers for which

the first sentence is true, the second sentence

also is true since ../717 = 1. For every pair of

numbers for which the second sentence is true, the

first sentence is true since, if a = b, then

a
2

= b
2

.

(c) Chain of equivalent sentences:

2x = xy

2x - xy = 0

x(x - y) = 0

x = 0 or x - y = 0

163
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*13-6. Polynomial Inequalities.

The statement about when a product of several non-zero numbers

is positive and when it is negative can, of course, be proved by

using the commutative,and associative properties to group the neg-

ative factors in pairs. The product of each pair of negative

factors is positive, and the product of these pairs and all the

positive factors will still be positive. Hence, the whole product

will be negative only when there is an odd number of negative

factors. The class should be enco=raged by discussion to fill in

these details.

Page 399.. For instance, when x = 2, it is sufficient to recog-

nize that (2 + 3) is positive, (2 + 2) is positive, (2 - 1)

is positive. Hence, the product is positive. Similarly for

x = - (- + 3) is positive, (- + 2) is negative,
2 2 2

(- - 1) is negative. Since, there are two negative factors, the

product is positive.

Page 399. The truth set of (x + 3)(x +2)(x -1) > 0 is the set

of all x such that - 3 < x < -2 or x > 1.

The truth set of (x +3)(x +2)(x - 1) > 0 is the set of all

x such that -3 ,f( x < -2 or x > 1.

Answers to Problem Set 13-6a) page 401:

1. (a) (x - 1)(x + 2) > 0

410,olo

-2 0

The set of numbers less than -2 or greater than 1.

(b) y2 < 1

0

The set of numbers less than 1 and greater than -1.

[pages 399-4011
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(c) t2 + 5t < 6

-6 0 I

The set of numbers (greater than or equal to -6)

and (less than or equal to 1).

(d) x2 + 2 3x

.1111110--10mavalmwommogglip.
0 I 2

The set of numbers (less than or equal to 1) or

(greater than or equal to 2).

(e) (s +5)(s + 4)(s + 2)(s)(s - 3) < 0

e-

5 - 4 -2 0 3

The set of numbers (less than -5) or (greater than

-4 and less than -2) or (greater.than 0 and less

than 3).

(0

-a 0 I

The set of numbers less than -2 or greater than 1.

2. (x + 1)(x - 1) > 0 and x < 3

The graph of (x + 2)(x - 1) > 0 is

4*-4-11' -1 O

165
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The graph of x < 3 is

I I ! I I

-2 -I 0 I 2 3

The truth set of "(x + 2)(x - 1) > 0 and x > 3" id

the set of all numbers each of which is in both the

above truth sets.

429

7".."31--
The set of numbers (less than -2) or (greater than 1

and less than 3).

*3. If (x + 2)(x - 1) is positive and x - 3 is negative

then (x + 2)(x - 1)(x -3) is negative; thus, every

solution of the sentence in Problem 2 is a solution of

(x + 2)(x - 1)(x - 3) < 0. This inequality is therefore

a likely candidate, and when we graph its truth set we

set the graph drawn in Problem 2, so that the two sen-

tences are equivalent.

Lae_ 401, If 2( is a solution of (x + 2)2(x - 1) > 0 then

(x + 2)2 must not be 0 and therefore must be positive, being a

square. Multiplying by the positive number
1 we obtain

(x + 2)

x - 1 > 0. Going backwards we see that, if x - 1 > 0, x > 1 and

hence x / -2, so that x + 2 / 0 and so (x + 2)2 must be

positive. Multiplying x - 1 > 0 by this positive number gives

us (x + 2)2(x - 1) > 0. Hence (x + 2)2(x - 1) > 0 and

x 1 > 0 are equivalent sentences.

The truth set of (x + 2)2(x - 1) 0 is the set of all

numbers that are not in the truth set of (x + 2)2(x - 1) > 0.

The latter set we've just seen to be all x 'such that x > 1.

Thus the truth set of (x + 2)2(x - 1) 0 is the set of all x

such that x 1.

166
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The product of x and (x - 1)3 will be negative if and

only if either x < 0 and (x - 1) > 0 or x > 0 and

(x - 1)3 < 0.

The first clause is equivalent to "x < 0 and x - 1 > 0",

that is, to "x < 0 end x > 1. Since no number is both less

than 0 and greater than 1, this sentence has no solution. The

Second clause is equivalent to "x > 0 and x - 1 < 0" and this has

its truth set consisting of all x between 0 and.l. The truth

set of x(x - 1)3 < 0 is thus the set 0 < x < 1.

The truth set of x(x 1)3 > 0 will be all the numbers not

in the truth set of x(x - 1) < 0. The latter set we have just

seen to be the set 0 < x < 1. The numbers not in this set

cOnsist of all x 0 together with all x > 1. Therefore,

x(x - 1) > 0" is equivalent to "x 0 or x > 1".

We have used above the fact that where the factor x - 1

occurs three times there are three factors changing together from

negative to positive as x crosses 1, so their product changes

from negative to positive. Some students may enjoy extending this

idea to polynomials with the same factor four or five times, and

then generalizing the situation.

A factor which is a positive real number such as x2 + 2,

will not change the product from a negative to a positive number

or vice versa. For this reason the truth set of (x
2 + 2)(x - 3)

< 0 is the truth set of x - 3 < 0, that is, all x such that

x < 3; and the truth set of (x2 + 2)(x - 3) > 0 is the set of

all x such that x > 3.

167
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Answers to Problem Set 13-6b; page 402 :

1.

x
2 + 1 - 2x > 0

(x - 1)2 > o

Since a
2 > 0 for all real numbers a except zero,

the truth set is the set of all real numbers except 1.

0 I

2. x
2 + 1 < 0

The truth set is 0.

3. (t2 + 1)(t2 - 1) > 0

The set of numbers (less than or equal to -1) or

(greater than or equal to 1).

4. 4s - s2 > 4

The truth set is 0.

5. (x - 1)2(x - 2)2 > 0

The set of all real numbers except 1 and 2.

0'

6. (y2 - 7y + 6) 0

The set of numbers (greater than or equal to 1) and

(less than or equal to 6).

0 1

[page 402]
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7. (x + 2)(x2 + 3x + 2) < 0

The set of numbers less than -1, except -2.

ammummmimm=ommimmulmmo

-2 ;:

3y + 12 < y2 - 16

The set of numbers (less than or equal tO -4) or

(greater than or equal to 7).

- 4

9. x2 + 5x > 24

The set of numbers less than -8 or greater than 3.

4iNiffCt

- 8 0

10. 1 xl (x - 2)(x + 4) < 0

The set of numbers greater than -4 and le3s than 2,

except 0.

4 0 2

169
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Answers to Review Problems

1
1. yes, is a real number for every x.

x2 + 1

x 2
1

2. no, 1 for x 1 or x = -1.
x - 1

1
3. yes,

2
+

is a real number for every x.
x 4

4. no, 3 o is not a sentence for x = 3.

5. no, Ix' = 2 has the truth set (2, -2) but 2 is

x + 2
not a solution of - 0x - 2

6. yes

7. A

8. (-3)

9. (3,6)

10. (-1,-1)

11. (0,1,2)

12. (-4)

13. A

14. A, notice that 17-77. -2 cannot be true for any

real number since it asserts that a positive number is

the same as a negative number.

15. (2)

16. (2,-4)

17. 4)

18. Mr, notice that if x o, 1 . 0 and if x < 0,

1
x = are both contradictions.

19. Every x except x = -1.

20. Every x.

(pages 4o3-4o4)
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21. (a) The truth set is (-2). .

The graph:

-3 -2 I 0 I 2 3 4

(b) The truth set is each x such that x <-2 or
x > 2.

The graph:

44

-3

(c) Same as (b)

(a) Same as (b)

22. Nor1-T-73 < x - 1

1
We observe that .117-1-2x is defined for x > - and

that if there is an x such that x - 1 is greater

than a non-negative number, then x > 1.

Thus:

vrf-Tla < x - 1 and x > 1

is equivalent to

1 + 2x < x
2 - 2x + 1 and x > 1

is equivalent to

0 < x(x - 4) and x > 1.

We need consider only values of x > 1.

0 I 2 3 4 5

Thus, the trubh set consists of 'very number greater than

4.

The graph:

f

0 I 2 3 4 5 6

[page 404)
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The first two sentences are reversible since

(1) If a < b, and a and b are positive

then a
2
< b

2

(ii) If 0 < a < b, then re: <./17.

23. (a)

---1----(1?=14)--1--(limmei4oNigEsm*P.
- 2 - I 0 I 2 3 4

(b)

-2 *- I 0 I 2 3 4

(0)

-2 - I 0 I 2 3 4

172
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Suggested Test Items

1. For each pair of sentences, determine whether the two

sentences are equivalent

( ) 3x 17 6 = 8,

(b)
x - 2
x + 2

= 0
'

2

3

x = 2

(c) 1 xl + 1 = 4, x2 - 9 0

2. For each pair of sentences, determine whether the two

sentences are equivalent.

(a) x(x - 3) + 3 (x - 3) 0, x - 3 0

(b) x(x - 3) - 3 (x - 3) = 0, x_- 3 = 0

3. Find the truth set of each of the following sentences.

(a) x(x - 3) - 3) 0

(b) x(x - 3) - 3(x - 3) = 0

4. Find the truth set of /1-7--7c = x - 1.

5 Solve4x2 - 9 .

6. Graph the truth set of each of the following sentences.

Describe the truth set.

(a) 8Y - 3 > 3Y + 7

(b) xl < 1 - x

7. Graph the truth set of eadh of the following compound

sentences.

(a) x - 3 < 0 and x > 0

(b) x - 3 < 0 or x > 0

(c) x - 3 > 0 and x 0

(d) x - 3 > 0 or x < 0

173



8. Describe and graph the truth set of

9. Solve and graph

3
< 12y - 1

10. Solve and graph

< 1
x + 1

11. Describe and graph the truth set Of

x2 + 1 < 2x + 1

17 4



Chapter 14

GRAPHS OF OPEN SENTENCES IN TWO VARIABLES

In this chapter we.extend graph work from the 'line to.the,.

plane-by-introducing coordinate axes and associating-points of.the,-

,plane with ordered pairs of numbers. We draw the graphs of the -

truth sets of-sentences in two variables, both equations and in-

equalities, with especial attention at first to linear expressions.

We include graphs of open sentences which involve absolute value.

For the better students we give some attention to reflectiOn of

.

the points of the plane about an axis, and movement of points,in

the plane, and the effect of these changes on the equation of the

graph.

Students who have studied the S.M.S.G. 8th Grade Course will

have some familiarity with the rectangular coordinate system in

the plane and some simple graphs. Most of this chapter, however,

will be new to them.

The teacher is referred to Studies in MathematiCS, Volume Ur,'

pages 6.8-6.17, for a discussion of open sentences in two variables.

14-1. The Real Number Plane.

Page 405,. We hope to put enough emphasis on the ordering of the

pairs of numbers, both now and later, so that this ia.perfectly

natural to the student. That is why we start with one number line.

Page 406. Here again we work on the 2.121e_ELLIE. The pupil should

be expected to state, for points P, A, B, L, and Q, that the

number written first is the ono associated with the horizontal

-number line, and the one written second is the one associated with

the vertical line.

The number pair for Q differs from that for P in that the

second number for Q is negative, while the seCOnd number for P

is positive. The second number for Q is negative because it is

measured down frOm the horizontal number line, while the second

number for P is measured u2..
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The ordered pair associated with E is (5,4), with C is

(-2,-5), with K, is (0,-5), with D is (3,-6). The ordered

pair associated with H is (0,0), with F -is (8,0), and with

G is (-4,0). If a point lies on the horizontal line, the second

number of the ordered pair associated with the point is 0.

Page 407. Here again, in pointing out the difference in the

ordered pairs of numbers associated with S and T -we emphasize

the order.

Answers to Problem Set 14-1a; page, 408:

1. A(6,-6) F(4,6) K(-8,4)

B(-5,-5) G(-3,0) L(7,0)

H(0,-6) m(0,7)

p(-8,-4) 1(-4,4)

E(2,3) J(4,3)

2. Point out to the pupils the use of Roman numpals in the

numbering of the quadrants. The points for which the

second coordinate is equal to the first lie in quadrants

I and III.

3. All the points whose

ordinates are -3 lie

3 linits below the

x-axis. They form a

straight line.

1 2

5,-3)

4. i
11,400)

[pages 407-408]
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4. All the points whose abscissas

3 1
are lie on the line 1

2 2

units to the right of the

y-axis.

Answers to Problem Set 14-1b; pages 409-411:

1.

1
.

1

I HI
I

1

.

G

4-

f----
x

1 -r

I

.

.12 -I-

F

E 0 2
1 r

IP
,

1

A

I
1.

Figure for Problem 1.

2. G and H are not the same point, because although the

same numbers are used in the coordinates, the order is

different. For the same reason, I and J are not

the same point, nor are K and L.

177
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3. All of the ordered pairs

of numbers have the abscissa

2. All of the points for

which the abscissa of the

ordered pair' is 2 lie

on the line parallel to .

the y-axis and 2 units

to the right of it.'

".
x

Figure for Problem 3.

All of the ordered pairs having 5 for their ordinates

are associated with points which lie on the line parallel

to the y-axis and 5 units above it.

5. If you could locate all

of the points whose co-

ordinates are pairs of

numbers for which the

first and second number

are the same, you would

have a straight line

through the origin.
3

2

0
2 3

(2,2

- 7+)

Figure for Problem 5.

[pages 409-41o]
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*6. Each point is moved to a point with the same ordinate,

but whose abscissa is the opposite of the abscibta of

-the original point.

( ) (2,1) goes to (-2,1) (b) (-2,1). goes to (2,1).

(2,-1) goes to .(-2,-1) (-2,-1) goes to (2,-1)

(-i,2) goes to (7,2) (3t,2) goes to (-4,2)1 %

(-1,-1)goes to (1,-1)

(3,0) goes to (-3,0)

(-5,0) goes to (5,0)

(0,2) goes to (0,2)

(0,-2) goes to (0,-2)

(c) (c,-d) goes to (-c,-d)

goes to (c,d)

(e) ( c,d) goes to (-c,d)

(r) The points on the y-axis

go to themselves.

*7.

(a) (1,1) goes to (3,1)

(-1,1) goes to (1,1)

(-2,2) goes to (0,2)

(0,-3) goes to (2,-3)

(3,0) goes -to (5,0)

(1,-1) goes to (-1,-1)

(-3,0) goes to (3,0)

(5,0) ,goes t.. (-5,0)

(0,2) goes to (0,2)

(0,-2) goes to (0,-23i'

ME112)
Elbowroomgpimirql

2)

-5,0) (5,0)

Figure for Problem

0

(10)

ciY I)

(3P) (5

(-

(-2,-3) ( -2)

(0;3)

Figure for Problem 7.

Ipages 410-411]
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(b) (-1,1) goes to (1,1)

(-3,1) goes to (-1,1)

(-4,2) goes to (-2,2)

(-2,-3) goes to (0,-3)

(1,0) goes to (3,0)

(c) (c-2,d) goes to (c,d)

(d) (-c-2,d) goes to (-c,d)

(e) Ho points go to themselves.

14-2. Graphs of Open Sentences With Two Variables.

Here our object is to establish the connection between ordered

pairs as associated with points in the plane, and ordered pairs as

solutions of open sentences. Again the emphasis is on the order.

Page 411. If 0 is assigned to y and -2 to x, we have

3(0) - 2(-2) + 6 . O. This sentence is not true.

If 0 is assigned to x and -2 to y, we have

3(-2) - 2(0) + 6 = O. This sentence is true.

Page 411. As seen above, (0,-2) belongs to the truth set of the

sentence

3y - 2x + 6 0

whilb (-2,0) does not belong to the truth set.

Page 412. If r is taken as the first variable, solutions of

s r + 1" include (0,1), (-5,-4), (21,31) and so on. (-2,-3)
3' 3

is not a solution but (-3,-2) is a solution.

If u is taken as the first variable, solutions, of

v = 2u2ht include (0,0), (2,8), (-1,2), (.5,.5) and so on.

(r1,2) is a solution; (2,-1) does not satisfy the sentence.

Solutions of "y 4" a:.; a sentence in two variables include:

(0,4), (-3,4), (5.3,4) and so on... 'Every ordered pair satisfying

. the sentence has 4 as its ordinate.

[pages 411-412)
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Every ordered pair satisfying the sentence II x = -2" has

as its abscissa.

Answers to Problem Set 14-2a; page 413:

1. (a) The truth set is the set of all ordered pairs whose

ordinates are 5.

(b) The truth set is the set of all ordered pairs whose

abscissas are 0.

(c) The truth set is the set of all ordered pairs such

that the ordinate is -3 times the abscissa.

(d) The truth set is the set of all ordered pairs whose

abscissas are 3.

2. Suggested pairs are given here. Have each pupil check

his choices of solution by verifying to see that they

satisfy the open sentences:

(-2,-5)

(-5,4)

(3,8)

(4,3)

181
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4. (a) (b)

2
1

S(

0 1 2

0

Figure for Proble 4(a).

(c) (d)

(-3 10) (3,10)

2

1

-2_

(0,t)

0 2

Figure for Problem 4(c).

132

[page 413]

2 0(012)-

0

(-2,0)

(-5 3)

Figure for Problem 4(b).

Figure for Problem 4(d).
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In doing these, and in the class discussion of them, the pupils

will soon note that the points in (a) seem to lie on a straight

line as do those in (b), while neither those in (c) nor those in

(d) lie on a single straight line. Encourage the pupils to question

this - they will find answers further on in the chapter.

Pae 414. x -9 -6 -3 o 3
1

2

y -8 -6 -4 -2 o
1

1.5
9 ]

Examination of the graph will show the student all of,

the points associated with the ordered pairs indicated in the table

do seem td lie on the line,

The.coordinates of point A do satisfy the equation, since

2(6) - 3(2) - 6 o

is a true sentence

The general form 'Of the linear equation in two variables

Ax + By + C = 0

should be stressed, and referred to often, so that the pupils will

instantly recognize such equations and will automatically associate

them with straight lines. Since the students have not studied

geometry formal!y, we would not expect them to understand a geo-

metric definition of a line. However, their experience with draw-

ing graphs of equations of the form Ax + By + C = 0 suggests

that we take as our defintion:

A line is a set uf points whose coordinates

satisfy an equation of the form

Ax + By + C = 0,

with not both A and B zero.

In general, every graph (set of points in the plane), even

'the empty graph, is associated with an open sentence, and conver-

sely.

183
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Notice that we have used "straight line" and "line" inter-

changeably. Hereafter, we shall prefer the less redundant "line"

Be sure that the students understand that lines are "straight" by

our mathematical definition, and that "curved line" is a contra-

diction in terms.

Answers to Problem Set 14-2b; pages 416-417.

The teacher should be sure to insist in all of the exercises

which follow that lines be drawn as long as possible within the

area of the graph. From the outset the tendency to draw only seg-

ments should be discou2aged, unless limitations are included in

the open sentences.

1. All the points whose

ordinates are -3 are

on a line parallel to

the horizontal axis and

3 units below it.

2. The equation whose graph

.is the,horizontal axis

is uy =.0". The equa-

tion whose graph is the

yertical axis is "x = 0".

2

0

2

-3

Figure for Problem 1.

a) 5

-c)

pc I I

I
2

0 (b)y = 0

Figure for Problem 2.

'[pages 416-417]
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Line (a) includes all

possible points such

that each has its

abscissa equal to the

opposite of the ordinate.

Line (b) includes

those points such that

each has ordinate twice

the abscissa.

Line (c) includes the .

points such that each has

ordinate that is the

opposite of twice the

abscissa.

All of these graphs are

lines, and all pass through

the origin. Their equations

are:

(a) y -x

(b) y 2x

(c) y -2x

All of the graphs are

lines through the origin.

The graph of (a) rises

as it goes from left to

right, while the graph of

(d) descends. The same

pattern applies to the

graphs of (b) and (e),

and also to the graphs

of (c) and (f).

[page 417]
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Figure for Problem 3.
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5. The graph of (a)

differs from the

graph of (b) in

the fact that it

cuts the y-axis

at a point 8

units.above the

point where the

graph of (b)

cuts it. The

graph of (c)

cuts the y-axis

at a point 10

units above the

point where the

graph of (d)

i
ImmemAN2E.
insratirdimmil Im-
EirATMEIF
muminna is: ,.
MEI lIFA1IlEVA!'.tifgii--

IrA VfAllIIEF,ii1lII
reammtesimmsvsalargo.AIM Ix

FANDIANI I
MO SE iii011.111

Pizure for Problem .

cuts it. The graph of (e) not only cuts the y-axis at

a different point than the point where the graph of (0

cuts it, but also the graph of (e) rises while the

graph of (0 descends.
The graphs of (a) and (b) appear to be a pair of

parallel lines. The graphs of (c) and (d) also appear

to be parallel, but the graphs of (e) and (0 are not.

Page 418. Upon attempting to locate points such as (-2,5),

(-1,2), (0,2), (1,4), (2,8),. and (3,10), the pupils will

soon note that the points are not all on one line, but that they

all lie above the line which is the graph of the open sentence

"y = 3x, since along the y-axis "greater than" means "above".

The open sentence whose graph is the set of.points for which the

ordinate is greater than 3 times the abscissa is "y > 3x".

186



Answers to Problem Set 14-2c; pages

1. The open sentence whose

truth set i$ the set of

ordered pairs for which

the ordinate is two

greater than the abscissa

is "y= x + The

graph of the set of_

points.associated with

this set of ordered:pairs

is the line shown in the

figure.

It is not possible to draw the graphs,of both' of the

sentences ny > x +-2" and "y > x + 2", because in the

first one the line whose equation is "y = x + 2" is

dotted, and in the second one it is a solid line.

451

420-422:

Figure for Problem 1.
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Figure for'Troblem 1(a).
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2. In the sentence ny = lxi",

since x is positive for

all.values of x, it

follows that y is never

negative. The solutions

for which the abscissas

are given are:

(-30),(-1,1),(404),
(2,2),(4,4).

3. (a) y = 2x

x -3 -1 0 2
------

5

y
-

-2 4 10.

(b) y = 3x

-2 -1 0

-3 0

(c) y = x

x -4 -1 0 2 5

y
1

-...ff

0 1
127

(d) y = x

x -9 -6.- 0 3 6

y 3 2 _-1 -2

(e) y = x

x -8 -4 0 3 71
y -8 -4 0 3 7

y = -x

-5 0 3 4

5 0 -3 -4

The graphs of all of these

through the origin.
[page 420]
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open sentences are lines



4. (a) y = x

-6 -4 o k 8

Y. -9 -6 0 6 12

(b) y = x - 3

x -4 -2 0

Y -9 -6 -3 0 3

(c) y x - 6

x -2 -1 0 10

Y -9 -4 -6 0 9

(d) y = x + 3

x -6 -2 0 4 6

-6 0 3 9 12

(e) y = x + 6

x -8 -6 0 1 2

-6 -3 6 4- 9

IMOVAINI
111111111/11MEWAIILWAIMEZPI
WAINMS,Wile
INVAIENKNEMII
IMIWAILMEalliP2
SUIIIMPEUMEll
PAIIHNIANIVAII
IPAIPAIMINIME

AMPIIIIIAFAME111
rA111111/1111111111111

Figure for Problem

11.53

The graphs of all of these are lines parallel to each

other.

Figure for Problem 5(a).

(a) 2x-7y=lk
2y = - 2

111
NEIIIIIELinerIlElltEEtINRRN:

..C.SW4IV*Rq.k%lq-t:§440.A.1-
Figure for Problem 5(b).

(b) 2x-7y>lb
2y < 7x - 2

[page 421]
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Figure for Problem 5,(c).

review

ities.

(c) 2x-7y<lk
2> 7 x - 2

In parts (b), (c),

11111111111111111111111E
1111111111111111111111111111111
111111111i11111111111111PRIN
111111M11111111:11111E.M.
1111111311111111ELVen
IIIIMPEEMPSIMMI
WiTOMENNEIMIE

leilIMMIBMWIZ
Figure for Problem 5(d).

2x - 7y > 14

2

and (d), to get the y-form we

the work done in 13-2 on finding the truth sets of inequal-

Have the pupil recall the steps involved:

2x - 7y > 14

- 7y > 14 - 2x (addition property of order)

- 7y > -2x + 14 (commutative property of addition)

2
y < 7 x - 2 (multiplication property of order)

190
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6. (a) 5x - 2y = 10

y = x - 5

(b) 2x + 5y = 10

2
= - -x + 2

5

(c) 5x + y = 10

y = -5x + 10

(-:;) 3x - 4y 6

y = -

In finding points for

(d), some class discuss-

ion on convenient re-

placements for x

would be in. order. The

point (2,0) seems to

lie on the graphs of (a),

(c), and (d). We verify

that thcse coordinates

satisfy e open sen-

tences as follows:

(a) 5(2) - 2(0) = 10 is

a true sentence

(c) 5(2) + 0 = 10 is

a true sentence

(d) 3(2) - 4(0) . 6 is

a true sentence.

4-55
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7. (a) 2x - 3y = 10

2 10

Here it would be a help

to the pupil to point

out that if he can find

one integral replace-

ment for x which pro-

duces an integral value

for y, then he can

find as many others as

he wishes by adding to

the first value of x

multiples of the denom-

Anator of the fraction

which is the coefficient

of x. For example:

x -1 2

Y -4 -2

(b) -x + 2y =

1 1y = x +

IP'

Allan

I wide!.../

`..4

Figure for Problem 7.

Here it is apparent upon inspection that there are no in-

tegral values x which produce integral values for r.

So we make the best of it:

x -4

y 3lir 7 Il7c ,107

(c) + 2y = 5 (d) x y = 12

3 5 3
r----gx

Y = qx - 18

x -3 1 5 7

1 -5 -8

x 4 12 l6o
y -15 -9 -6 -18

[page 421]
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8. (a)
,

x -3 -2 -IT -1
1-7 0

17 1 IT 2 3

y 9 4 2 1
1ir 0

17r l 2 4 9

(b)

x -3 - 2 - -1 4 0 -;- 1 ../T 2 3

y -9 -4 - 2 -1 - Ii% 0 4 _1 _ 2 4 -9

(c)

x -3 -2 -1 0
17 1 2

127 3

y 10 5 2
1IT 1

1IT 2 5 1TT 10

d

x -4 -2 - 1
1- 0

1
1

1 1

Y -1 -2 -4 no 4 2value
1

1 7 1
If

457

Note that we approximateIT by 1.4 when drawing graphs.

Y

Figure for Problem 8,
(a) - (c).

[page 421]
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Figure for Problem 8(d).
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The graphs of these sentences are not lines, but curves. The

open sentences for the first three differ from those consider-

ed in previous problems in this chapter in the fact that in

each of them the x is squared. In the open sentence for

(d), y equals, not a multiple of x, but its reciprocal.

So we cannot say that the graph of every open sentence is a

line. There is no harm in telling the pupils that the first

'three graphs are called parabolas, while the fourth is a

hyperbola. These will be met again later on.

*9. The object of this problem is to make the pupil aware

that a given point may be associated with many different

ordered pairs, depending upon the location of the axes.

(a) Point (x,y) (a,b)

(-4,2) (-8,-1)

(-5,6) (-9,3)

(11,8) (7,5)

(-8,-2) (-12,-5)

(8,1) (4,-2)

(2,2) (-2,-1)

V (3,-4) (-1,-7)

(12,-2) (8,-5)

Tho brighL; student may quickly discover that for each

point "a = x 4" and "b = y - 3". He should be en

couraged to use these facts as a check on his results.

If in doing part (b) he uses these facts, then he

should check each ordered pair by locating the point on

the figure for this problem.

191
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(b) i2SLY/ (a,b)

(5,-5) (1,-8)

(-3,-4) (-7,-7)

(-1,0) (-5,-3)

(3,5) (-1,2)

14-3. Slopes and Intercepts.

The students need to draw careful graphs of (a) through (j)

and find the equation of each of these graphs in preparation for

Problem Set 14-3a.

(a) 21"A 0 3 5.1 6

1
-2n. 0 3 5.1 6

When the successive points are connected, they lie on one

line. There are no points in the table which do not lie on

the line through (-6,-6) and (6,6). The point (8,8) is on

the line, but not on the part of it between (-6,-6) and

(6,6). The open sentence which describes this graph for all

points in the plane is "y = x" The line divides.the angles

formed by the axes into two equal parts.

(b ) x -6 -5.1 -4.3 0 2.5 4 6.1

5.1 4.3 0 -2.5 -4 -6.1
1

It would, of course be easy to determine pairs which fulfill

the condition without making the.table. One line passes

through all of the points. The open sentence which describes

this line is "y = -x". It differs from the open sentence in

(a) because here we associate y with the-opposite of

The pupils might note .that this line divides into two equal

parts the other pair of angles formed by the axes.

[pages 422,423]

195



460

(c) y 2x

(d) y 6x

(e) y 3x

(f) y -6x

(g) y = -3x

(h) y ix

(i) Y =

(j) yx =

(k) y - 2x
5

mum wifIrAmmm.ornmanwEvAmtmmomaiminumurammumarsommentommummi

yIlliK14144111 :grairliabsfta
INPRION

ffliMOMMUMMOMMILI
111110111WILLIMEMNIMEMINIM
IIPMEIVINIMMENIEMMININEMI r

Figure 1.

Answers to Problem Set 14-3a; page 425:

1. The coefficients'of x in the open sentences for which

the lines lie between the graphs of "y = x" and "x 0"

. are 2, 6, and 3. We observe that all of these numbers::-'"

are greater than 1.

2. The coefficients of x in the open sentences for which

the lines lie between the graphs of "y = 0" and "Y. x"

1 1are and u. These coefficients are greater than 0

but less than 1.

3. The coefficients of x in the open sentences for which

the lines lie between the graphs of fly = on and "y = -x"

1 1are - and - -6. These coefficients are less than 0

but greater than -1.

4. The coefficients of x in the open sentences for whi.Ch

the lines lie between the graphs of "y = -x" and "x 0"

are -6 and 73. These coefficients are less than

196
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5. The graph of ity = .01x" lies between the graphs of

y = 0" and "y =

The graph of "y = -100x" lies between the graphs of

"y = -x" and "X = 0".

The graph of "y = -56x" lies between the graphs of

"y = -x" and

The graph of ny ibx" lies between the graphs of

fly = -x" and "y = 0"

Thegraphof"y lies between the graphs of "y = x"- 3-7ff

and "y = 0",

The graph of "y lies betWeen the graphs of

fly = -x and "x 0".

6. There are many lines through the origin. Where a line

containing the origin lies with respect to the axes de-

pends upon the coefficient of x in its open sentence.

When the coefficient of x is positive, the line lies in

quadrants I and III. When the coefficient of x is

negative, the line lies in quadrants II and IV. When

the absolute value of the coefficient is less than 1,

the line lies between "y = -x" and "y 0", or be-

tween fly = x" and "y = 0". When the absolute value

of the coefficient is greater than 1, and line lies

between fly = -x" and "x 0" or between ily = x"

and

7. Graphs of equations of the form my = kx", where k is

a real number are lines through the origin. When k is

positive, the graph lies in quadrants I and III.

When k is negative, the graph lies in quadrants II

and IV. When k is between 0 and 1, the graph lies

between the graphs of "y = x" and "y = 0" When

k > 1, the graph lies between the graphs of my = x"

and "x = O. When k < -1, the graph lies between the

graphs of fly = -x" a.nd "x = on, When I kI > 1, the

graph lies between the graphs of "y = x" and

[page 425]
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or between the graphs of "y = -x" and "x = 0 When
Ikl < 1, the graph lies, between the graphs of lly = 0"

and "y = x", or fly = -x" and fly = 0" When k is

0, the graph is the x-axis.

Page 426. To find the ordinates of points for the third open sen-

'tence,_'!7=g.x- 3" we subtract 3 from the ordinate of each 1

point in the graph of the first. The coordinates of the points at__
which lines (a), (b), and (C) intersect the vertical axis are

(0,0),(0,4) and (0,-3,) respectively. The ordlnate of each pair

is the same number as that added to the term x" in the
3

corresponding open sentence.

Page, 426. The graPh of "y = g. x 4" could be obtained by moving-

the graph of fly = gx" up 4 units.

2The graph of
uy = x - 3" could be obtained by moving the

3
2 ugraph of uy = 3x down 3 units.

The open sentences are:

2y = x + 6

2y = x - 6
3

Their graphs are ehown in.Figure 2.

The slope is negative when

the line descends in going from

.left to right. The slope is 0

when the line is parallel to the

x-axis. The line "x = 2" does

not have a slope, because we can-

not write "x = 2" in y-form.

Thus, every non-vertical line has

a slope, and only vertical lines

do.not_have slopes.

1 9

2

0 2

[pages 425,4263

Figure 2.
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Page 428. If we use as the first number in the numerator and de-

nominator the ordinate and abscissa, respectively, of the point

2 7
k2,2), the ratio is:

- or Thus we get the same value for

the ratio regardless of which ordered pair we use first.

The slope of the line which contains the points (6,5) and

(-2,-3) or 1. The slope of the line which contains

the points (2,7) and (7,3) is or -

Page, 430: We have, essentially, a choice between two possible

definitions of the slope of a line: the coefficient of x in the

y-form of the line; the ratio of the vertical change to the hori-

zontal change from one point to another on the (non-vertical) line.

In a course in analytic geometry, in which a line is given a geo-

metric meaning, the second of these would be taken as a definition

and the first proved as a theorem. Here we have tacitly defined a-

line in terms of its equation, and it is natural to take the first

as a definition and prove the second. Your better students will

prefer to replace the wording of Theorem 14-3 by the more precise

symbolism: If (a,b) and (c,d) are distinct points on a non-

vertical line L, then the slope of L is

b - d
a - c.

Answers to Problem S t l4-3b; pages 430-431:

(a) 2
(..) -2 -11 z11

13 -I -1 -4 -5 5

0 0 - -9
(b) 0 (f) = a2 slope

- -7 15

1.

(c) :a (g) ".

pl 10 - (-12) 22
, - -2

(h)
4 0 4

--7
4
7-7 -0

[pages 428-431)

199



464,

Page, 432. The equation of a line parallel to the line in Figure

10 of the text, but which contains the point (0,6) is
4

y - x + 6.
3

Answers to Problem Set 14-3c; page 433:

1. y = 4
x + 6

4
2. y = x - 12

3.

5.

6.

7.

...

4

2

y = - x

Slope is:

Slope is:

"y = x"

-3

- 4

6 - (-41
5

but

- (-5)

(5,6)

equation is: "y = x - 3"

check: 11 = 12- (4) - 3

10
10

1; equation appears to be

and (-5,-4) are not on this line.

There is no line satisfying these conditions.

2Page 433. If the slope of the line had been 7, we would have

chosen points with respect to (0,6) by counting three units to

the right and two units up, or three units to the left and two

units down. Another point would be six units to the right and

four units up, and so on.

Recall to the students that vertical lines have no slope,

and such lines have equations "x = k", where k is a number.

Thus, the equation of the line-containing (-3,4) which has no

slope is x = -3.

2104)
[pages 432-433]



Answers to Problem Set 14-3d; pages 435-439:

1. (a) Since the y-inter-

cept appears to be

(0,2), on the graph,

the equation of the

line is:

y ix 2

(b) The line contain-

ing (-6,-3) which

has no slope has

equation:

x = -6.

2. Call attention to the

distinction between the

slopes of (c) and (e).

For (c) the slope is 0

and the equation is

HY = For (e)

there is no slope, since

the denominator of the

fraction form of the

slope is 3 - 3 or 0.

4

465

,/
s, 3

Figure for Problem 1.

mitorsom

p11111191111bbf
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3. The slope of the line containing (1,-1) and (3,3) is

or 23 - 1

The slope of the line containing (1,-1) and (-3,-4) is

-3 -1 or 2

Hence, the point (-3,-9) is on the line containing

(1,-1) and (3,3).

4. (a) All of the lines pass through the origin, or have

the point (0,0) in common.

1
(b) All of the lines have the same slope,

2.

(c) All of the lines have the same y-intercept numberi

-3.

1
(d) The lines have the same slope,

-17'
Moreover, the

H 1two whose open sentences are x + y 3" and
2

+ 4y = 12" have the same y-intercept number,11 2x

hence, they are the same line, and are parallel to

the first one.

1ilhIII

IINtalin
IMO
II I

Figure for Problem i(d).

202
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5. (a) 3x -I- 4y = 12

y ix + 3

The y-intercept

The y-intercept number of

(b) is -2. The Slope of

the first line is - The

slope of the second line is

2

5

(b) 2x - 3y =- 6

2
Y = 3x 0

number of (a) is 3

6. (a) y 2x - 7

(b) y ix 3

(c) y - 4. 4

1
(d) y - 2

The graphs of these are

lines, because each

open sentence is of the

form

Ax + By + C = 0

203
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Figure for Problem 5.
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7. (a) y - 3x

(b) y ix 2

(d) y = -7x -5

(e) y = mx + b

4
(o) y = -2x +

3

The equation of every straight line can be put in the

form Ax + By + C = 0. Every one of these can be put

into the form y = mx + b except those Where B = 0.

Neither the y-axis nor any lines parallel to it can

be put in the form y = mx + b. The equation of the

x-axis "y 0" is of this form, in which m and b

are both 0.

8.
4 - 0 4The slope is 0, or 5. The y-intercept is (0,0

The equation is "y =

9. Since the y-intercept number is 7, the line contains

the point_(0,7). Since it also contains the point

(6,8), its slope could be written as 8 : 70 or

The equation of the line is "y = x + 7".

10. The slope is or -1. The slope of the line

containing (-3,2) and (x,y) is i-Eit7g. The.plope

of the line containing (3,-4) and (x,y) is

Since -1 and Y
-

2 names for the same number,x (-3)

- 2 - -1, provided x 3

Then y - 2 = (-1)(x + 3), by multiplying both sides by

"(x + 3)", with the restriction that x -3. Then

y = - x - 1.

204
[pages 436-437]



469

Since -1 and V - (-4) are names for the same number
x - 3

y
x
- (-4 ) provided x / 3.

- 3

Then y + 4 = (-1)(x - 3),

y = - x - 1.

11. (a) Slope is 71-4 or
-5

1

.5.

and th. ,f:rc dt

1
mUriber is 3, so the equation is "Y --1- 3".

5x

(-4) 8 12
(b) Slope is

-

-
or , and y-intercept number

0 5

is -4, so the equation is ny =
5

(c) Slope is or
3.,

and the y-intercept-7 -
-3

number is -2, so the equation is "y = ix -211.

-- (-2) 8
,(d) Slope is 6 or -and the y-intercept

0 - 5

number is 6, so the equation is "y = - + 6"

(e) Two expressions for the slope are

Then

and
e_-(3_3) -

5'
1

L.:J. = ,....F.;

an y - 3 = - :.4. (c 4. 3).

(f) Tia'expressions for the slope are

if x - 3.

- -
and

then, Y 3 0,
x 3

and y 3 = 0.

2' 0 5

[page 437]
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12.

(g) The slope As 5 3 nr 2-6- But is not a

number. Hence, the line has no slope. The only

lines that have ro slope are vertical lines. The

vertical line through-the point (-3,3) has the

equation "x + 3 O.

(h) Two expressions for the slope are

2 - 1 1and
7,

if x 4.

Then,

-
7'

y - 2 = 771(x - 4).

II 11111
w....mm,
inmEltimu.

MEM MN
MIEWENCIII

MEN1111111k101

A

Figure fcr Problem 12.
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*14.

471

(a) 2w + 2(w + 3). This Is a linear expression in w,

since by using the distributive and associative

properties it becomes "41/ +

(b) w(w + 3), or w
2

+ 3w. This is not a linear ex-

pression in w.

(a) i d. This expression is linear in d. If the

diameter is doubled, the cirnilmference is doubled;

if the diameter is halved. -ircumference is

halved. The ration a eql 1,c1 r ; this ratio

does not change when d is changed.

(b) ird2. (If the student is not familiar with

this, develop it as

familiar

2r," or

linear in

the area,

a combination of the two

relations, area is If r2" and "d is

11r is d"). This expression is not

d, but it is linear in d
2

. If A is

A 1
-cr ir d;

A 1 71,

A
of changes when the value of d

. The value

is changed;

Athe value of 2 does not change when d is

changed.

*15. (a) The cirCumference of a circle varies directly as

the diameter. The constant of variation is W .

The area of the circle does not vary directly as

the diameter, but it does vary'directly as the

square of the diameter. The constant of variation
1

is 7 If
(b) In terms of the graph of a linear expression, the

constant of variation indicates the slope of the

line.
207
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(c) If the constant of variation is negative, the value

of the expression decreases as the value of the

variable increases.

(d) The expression would 'have the form nk,n111.

*16. The distance in miles would be "k t". This is a linear

expression in t. The distance varies directly as the

time. The constant of variation is the speed in miles

per hour. If the automobile has traveled 25 miles at

the end of 20 mir-" (P ,11 is ti of an hour) v4a

find the constant Q1 variation, k as follows:

k (§) = 25

k = 75

*17.

Figure for Problem

2

Figure for Problem 17(a).

Figure' .P Problem 17(a).

. 438-439]
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1

(b) If the variable x is iven increasing positive

values, the values of decrease. If k is

negative, then for increasing positive values of x

the values of increase.

18. (a) , where w > 0

(b) This is.inverse

variation, and the

constant of vari-

ation is 25.

imp...
liii!!!!!!

0 111111131r

Figure for Problem 18.

Points used riclurie:

w 1IT 2 1

/

l2
,

20

k 20
1

12.ff
1 'i

2
117

*14-4. Graphs of Open, Sentencesaa Integers Only.

This section is included b.ase it is hoped the student.w111

realize that open sentences do 11:)(; ilce5sari1y include all reaLl

numbers as possible members of Lruth sets, and will recognize

the corresponding situation so .:ar o5 the graphs are concerned.

Page 441. Each ordinate is one-.1.2d the corresponding abscissa..

Hence, we get ordered pairs of antt-awrds onlj for abscissas whiah

are multiples of 3. 1 and 2 are nnt multiples of 3, so they

cannot be abscissas.

[pages 439',1141]
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Answers to Problem Set 14-4;, pages 444-447:

1. (a) (b)

EMI=
MICliminumn
Impriamm

offenummt
111MIEURII

Figure for Problem 1(a).

(c)

2

Figure for Problem 1(b).

Figure for Problem 1(c).

210

[page 444]



2. (a)

2

2

Figure for Problem 2(a).

Fig-Jre

3.

4.

(b)

(d)

475

NEMmasses
191

111111411411001~0

Figure for Problem 2(b).

2

ii
2

Figure for Problem 2(d).

for Problem 2(c).

-2 < x < 0 and 2 < y < 4 where x and y are integers:.

(a) y = -3x 4. 1, where x and y are integers.

(b) 4 < x < 8 and -2 < y < 2, where x and y are

intecers or 5 < x 7 and -1 y < 1, where x

and y are integers.

(c) y = -x for -8 < x < -4, where x and y are

integens.

(d) x = -2 and 2 < y.< 7 , where x and y are

intege=s.

[pages 444-445]
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(e) x = -4 or -7 < y < -2, where x and y are

integers.

(0 -2 < x < 2 and -4 < y < 3, where x and y are

integers.

(g) x > -6 and y < 6 and y > x + 6, where x and

are integers.

5. (a) (b )

2

2

Figure for Problem 5( ).

.-
2

0 2

Figure for Problem 5(b).

The graph af (a) is a set of isa2ated points, while .

the graph of (b) is a straight line. Points on (b).

but not on (a) include:

5
4% (-2,3) etc.

5

The graph of (c) would have to be drawn as the graph

of (b)', since it would not'be possible to indicate the

"holes" for the irrational values. If x is rational,

y is rational.

`st.1.`2

(pagew 446-447]
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1/1.-5. Graphs of Open Sentences Involving Absolute Value.

This section dealing with absolute value is valuable not only

for the opportunity it provides for recall of work done with abso-
.

lute value earlier in the course, but also for the opportunity it

provides for exaMining what happens to a graph when certain changes

made 4.n its equation.

Page 448. The graphs of lxi = 5 and lxi = 7 are pairs of-ver-

tical lines, end the graphs of IA = 2 and tyi = 3 are patrs

of horizontal lines. The graph of Ixi k is a single line -If

and only if k = O.

yr3-

Ylg 2
tf)

I

0

r-..

2

I As3

213

[page 448)
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:Answers to Problem Set .14-5a;p

1. (a) 1-,

Cu
II I I

se

0

Figure for Problem 1(a).

(c)

Yly1j5 I I

2

0 2

Yl

Figure for Problem 1(c).

IY -2 =2

A-

0 2

I Y
- 2 1.= 3

Figure-for Problem 1(b):-.

(d)

2

0.1

)c

0 2

Figure for Problem 1(d).

(e) (f)

7
rt)

0 2

Figure for Problem 1( ).

211.;
[page 450)

2 ly+21-3

0

Figure for ProblemJ.



2. (a) (b)

12M1211111111MMIS
EFEEMEMINVIES

JOUINIMIMMINffini
121201211111111WATAMI
Pr OEM 0 IMEMPMEi
AriMEIII MOMEMMEN MEM
AMMEN

Figure for Problem 2(a).

(c)

479

012110111111110"001212

DIRM111111111050/10.2

ONISMIENIIIINEmEN
1221201111111111/02ZON
PAINSEINIIMISPISMIN

IMP211 0 KLEMM
1111111111111

Figure for Problem 2(b).

MMOIMMO MOM.
MONIIMIA rieMPM
IMMO PECIPI11211
MEMO UNCINISI
MENEM %DOOM
IIIMIAMO MEMNON
IIIMIMPL OREM
111121211ErdniMMUll
NormannormsomNommessoorm
Figure for Problem 2(c).

IIIMICIElfa MEM
11.10.M.W.E11=1
11311MIZIMMEN
MICEEMEIVAIME1111LWAIM11INIVAINII
113. Mk ME

'1NM=

(b)

1111111111111111:11121
11111111111 EMMEN
1111111111130MMIED

MMERIEWIROKIEIM
_DERBODDLIMM11

NIIMINOMIZEIR
EILVIMI 0 IMMO

Figure for Problem 3(a).
215

Figure for Problem 3(b).

(page 450]
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3. (c)

IMMEMINZIOCI
engabiZilb21111
MOOLICIIIIIM111
EIL 1211MMEMII
OCIIIIIN11111111111
MIIM11111111111

Figure for Problem 3(c).

. (a)

rdiMMIAMISPi
NiNESAMOSSI

INIIAMMISE
lin74712NIIM
IIIEMPMPREGN

W212P2M012
MENCIFAM

Nommonsis
0

Figure for PrOblem 4(a).

ORIMIEWIBEIVID
M1110001131M0mosioatimemormegoomaii
DOBEZIERZIMM
MEIRIEN111=1111LION2

Figure for Problem 4(c).

(d)

(b)

(d)

1.1111111Me
MMINVIITIZED
111111110DEEMI
IIMMIVARIMMID
1E0 VLEMBE:11
11111Vgaggegi
IIMILWATORIft.

Figure for Problem 3(d).

monainessorden
4SEMP2PMENCIAM

MMISSOMMIOTAII
N 0 iimmosainoss,
Figure for Problem 4(b).

ITIPPIMMIA
RIEMPODFAII

IBMWM111
IMDOWAIMNIIAIIU
arerapoom

Figure for Problem 4(d).

(page 450]
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5. (1) y 3x

(2) y = -x + 4

(3) = ix 6

6.

(4) lxi =6

1

(h)

11111/411111E%

reA2111111

FAIIIINEEEMEN
Figure for Problem 6.

481

Page 452,. Whether x is positive or negative, the absolute value

of x must be positive. So every value of y is positive for

every value of x except 0. For x = 0, y = 0.

The two lines which are the graph of y = Ix' form a right

angle, beddifieeach line forms one-half of a right angle with the

line y = 0. A simple equation whose graph would be two lines .

which do not form a right angle would be "y Ix " -or

fly -2 Ix' ", or any equation of the form %?' = k Ix' "

where k is not 1.

217

[pages 450-452]
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Answers to Problem Set 111.-5b. pages 453-454:

1. (a)

maim Atm
sswusIntampirmus

Figure for Problem 1(a).

(b)

(c) (d)

011111110 sass
111111111201111
111012110311
111M11121511201111121111111,1111

Figure for Problem 1(

4

(e) (f)

2

Figure for Problem 1(e).

213

11111111111E'
*11.1.EN1111PEtiff21111

1115.41101111111111111
11111112111111111
111111=1111111111111111311111111.1.

Figure for Problem 1(b).

2

Figure for Problem 1(d):

111111111Mral111101%111/32111
0111K1111111111701IlibSPI

Figure for Problem l(f).



2. (a)

NE TOM
monlim OMR
OOMMEMANIM
MMOMINIIMI

!NI&

NIVOIMMR,
Figure for Problem 2(a).

(c)

Figure for Problem 2(c).

(e)

Figure for Problem 2(e).

(b)

(d)

( f)

483

Figure for Problem 2(b).

milimmomma
MIIMMEEMME
IMMERSOMM
IONNEMMMEM
MoggEOMEM
INIMEMPOMM
NIUMEMMOONNMI= MO

Figure for Problem 2(d).

Figure for Problem2(f).



484

3. (a)

0

Figure for Problem 3(a).

(b)

(c) (d)

4.4

Figure for Problem 3(c).

(e)

71:

2

0 2 .

Figure for Problem 3(u).

Figure for Problem 3(d).

.A4'5

Figure for Problem 3(e).

[page 453]
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4. Problem

1(c) The graph of "y = - lxi " can be obtained by

.rotating the graph of "y = lx1 " revolution

about the x-axis.

1(e) The graph of "x = ly1 " can be obtained by rotat-

ing the graph of "x = ly1" revolution about

the y-axis.

2(a) The graph of "y = !xi + 3" can be obtained by

sliding the graph of lty = lx1 " up three units.

2(h) The graph of fly = Ix! -7" can be obtained by

sliding the graph of fly = !xi " down seven units.

2(d) The graph of "x = I yl + 3" can be obtained by

sliding the graph of "x = 1 yl " to the right

three units.

2(f) The graph of "y = - lxi - 1" can be obtained by

rotating the graph of fly = 1 x1 " about the x-axis

and then sliding it down one unit.

3(a) The graph of fly = lx - 21 " can be obtained by

sliding the graph of lly = lxi " to the right two

units.

3(h) The graph of "y = Ix + 31 " can be obtained by

sliding the graph of "y = lxi " to the left three

units.

3(d) The graph of "zr = lx + 31 - 5" can be obtained by

sliding the graph of "y = I xl " to the left; three

units and down five units.

221
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*5. If x = 6, there _azt.a no possible values of y, since

lyl = -1 and tit-L:3 :la impossible. If y 121 , there

are two possible 7aluos for y: y = -2 :zad y 2.

_ _

1
3 3 1 0 0 1 1 i 3 .3

L

fY1 O2 2 1155 4 4 i 2 0

y 0 2 -2
,

...

The graph shown is the

of Ix' IY1 =

as the graphs of

open sentences:

x + y . 5, and 0 < x 5

or x - y = 5, and 0 x 5

or -x + y = 5, and -5 x < 9

or -x - y = 5, and -5 < x < 0

It was necessary in these

to limit the values of x

so that only the indicated

segments of the lines would

be included.

5, as 7I1
the four

*6. (a) Point out to the

pupil the four

open sentences im-

plied here:

x + y > 5,

or x > 5,

or -x + y > 5,

or -x - y > 5.

Y

Figure for Problem 5.

AMOMMEMOOMMIO
MOMMOODOMMEMO
MOOMMOMMEMMOM
AOMMEMMMOMMUM
OMMONNEWOMMO
OMMINIMMUMMEMO

0

21111.111111.
MONOMMUMMOMME
sommammassomr
sommonsmassom
rsommoommemom

222
[pages 453-454]
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The graphs of_the TO77 4.:rahalg equations: "x ± y = 5

or x y . 5 or t !en. drawn with dotted

lines. Now note thE-7--- .4- Ty 5 becomes y > -x + 5

-+F- 5 becomes y > x + 5

So the area above each tte _nes where "x + y = 54

and "-x + y = 5" is E.h Jud-

Also: x - y > 5 beey0,--es y <

-x - y >-=;: y < x -5

So the area below each Ifnes where "x - y = 5"

and "-x y =

Therefore the graph of

plane outside the grap'f

:I > 5 is all of the

, = 5.

(b) In the same line c_ re.ng

lxi + lyl < 5 Imp: es!:

x + y < 5,

and x - y < 5,

and -x + y < 5,

and -x - y < 5.

Hence, the graph is the

area inside the graph of

lxi + lyl = 5.

Verify on the number

line that "Iyi < k" is

equivalent to "y < k

and -y < k", whereas

> k" is equivalent

to "y > k or -y > k".

1

MIMEO
INIONIAIMBIME

OMEN OWNMOM MO
IIIBMIN
RIMIZIESMI

223

[page -543

Figure ftr Problem 6(b).



(c)

(d)

The graph ±a the

same ab that for

(b), except that

the lines are

solid to indicate

that the graph of

Ixi + IYI = 5

is included, as

well as the graph

of lxi IYI< 5.

"Ixl + fyl 4 5" Implies

"Ixl + IYI = 5 or

lxi + IYI > 5", so the

graph is the same as

that for (a), except

that the lines are

solid.

*7.

IN115121212001111111
1115IMIRMOCIIII
IMICAMINK01111190111
12-MMINICKIMOSEI
IMPMEINIIMM1121
111COMMIMPAII
IIIIIMPWW510111
11111WEIMPAMIll
11111111111MEM1111

Figure7forYrOblem

1111121-111

311RfI
6610111111111EIMMIspeammenons
onsemmowsPri
1112120115111MINP"
Figure for Problem 6(d).

x -7 -2 1 4 4 7. 7

7766k k 3213k 7 7

1y) 4 4 3 3 1 1 0 -1 -2 0 1 1 4 4

Y 0 Impossibl -1 4

The four ,rtoen sentences

whose graVilas form the same

figure are:

x - y = 3,

x + y = 3,

-x +.y = 3,

-x - y = 3,

and x > 3

and x 3

and x < -3

3 224and x -

0 2

Figure

4.

for Problem 7.
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Answers to Review Proh:leraz, pages 455-463:

1. (a) y = 3x

(b)

(c)

(d)

(e)

(f)
(g)
(h)

(i)

(j)

(k)

3y = - - 3

0 < x < 3 and 1: < y < 5, where x azni y are
integers. (pr: 1 < x 2 and a y where

x and y e integers.)
x = 2 and -1 < y < 8, where y is an .integer
(or: x = 2 and 0 < y < 7, 'where y an integer)

y = 2 lx1

y = lx1 -2

y = 12x - 41 , ie, y = 2 Ix 21

(P) < 6 and y > 0 and y < x, where x andy are
:integers; or x < 5 and y > 1 and sr x, where

xi and y are integers.
2. (a) (b)

Figure for Problem .2.t...a.)
225

-2

I 2

Figure ftzz---Trob1ez:L2(b) .

[-pages 455-458]
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I y

( d)

Ficzure for Problem 4-

( f )

Ardermr.API
AMMAN=
AMONNOMM
AMMOOMME
AWN 0 MINUI
Amoromm
AMOOMMINM
ANLIWNI

A

EffiAmpase
morasopmeAssammor

NM

MOE

Figure ftar Problem 2(d).

N
10

Figure for Problem ''(e). Figure for Problem 2(f).

(g) No graph ia

(h)

"Ixl IA"
positive. t-refore, the truth of

"Ixl + IYI= -2" is 0.

MOOMEMO
CEMINMEI

LF"
11011111111=WIN
Mil

Figure for Prob1em-L:2(h).

[page 458]
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must be

Figure fr.71rProL

x

2(i).

* 3
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,

=ME IMEW
ASEMMII
rAMEMMES
AMIZESZCAL

A
MENA.APAPISELEMI

WAWA
AV

0

Agar

ME Ix

4.

ci-

P2

...

Figure for Problem 2(j).

*3.

(a, b)

A (1, -4)

B (-7, 4)

c (-4, -4)

D (-2, 4)

1111 (-2, -2)

F (-7, 0)

.(-6, 4)

H (4, 1)

1 (-8, 1)

.1 (0, 7)

(k)

1

3y 2=

kgl

Figure far Problem 2(k).

LA ria:111

A

227
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L
1

:

L
2

:

L
4*

L
5

:

(a)

(b)

y - x - 7;

y 2x - 5;

Y -
1

x ;

Y = 9;

Ix -51 . 1;

a is negative

b is positive

3

b = 2a - 5

1b = - a +.5

(c) P (a,-b); Q(.-;a,-b); Fi(-4.,;b)

6. (c,-,d) is in quadrant II

(-c,d) is in quadrant IV

-c,-d) is in quadrant I

(a) Me graph of
. 3x + 4" is

rotated about the

y-axis.

(b) The graph of

3x + 4" is

rotated about the

x-axis.

(c) The graph is moved

down 3 units.

(d) The graph is moved

2 units to the

right.

Mil111111321=MN la"

EITIEMMIE
1111111111111111

d)

Figxm for

228 : Figure for Probllam7g0 -

[page 459460



(a) Y = 2 1.1c1

(b) y =2 Ix -31

(c) y = 2 Ix + 21

(d) y = 2 lxi + 5

(e) y 2 Ix - 21 - 4

9. (a) _The same line was

the graph of each

equation. You

coult get the

secamd 'equation .by

multfplying the

members of the first

equation by 3.

The, graphs would

be the same

straight line.

The graphs of the

two equations will

be the same line if

there is a number

k such that:

D = kA, E = kB, and F = k

Figure for Problem 8.

r

2

2

Figure for Problem 9.

If the graphs are the same line then

A B C
15

[page 461]
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10. (a) The graphs have:the

same slopes, and are

parallel lines. The

coefficients of x-

and y in the second

equation are four

times the coefficients

of x and y in the

first equation.

(b) The graphs would be

parallel lines, un-

less D =_kC, in

which case they

would be the same

line.

Nommommairds
imummutzerai
111111111EIPM11
II 0 11M1211111

111122111

Figure for Problem 10.

(c) The graphs will be parallel

number k such that D = kA, E

If the graphs are parallel lines,

A_BJC
15 r Pe

11. (a)

2

lines if there is a

= kB, and F

then

2

0
?4.1.

.4`

Figure for Problem 11(a).

230

0

0

Figure for Problem 11(a).



(b)

2

0 2

Figure for Problem 11(b).

495

11111=1111111111111111

1111111,1011111
111111211E11111111111E

111111111111111111111

Figure for Problem 11(b).

In both cases, it is obvious that the graphs depend on

the choices made for the first variable. We speak of

sentences with two ordered variables because we are deal-

-ing with ordered pairs of real numbers, and unless the

variables are also ordered we have no way of knowing

which number of an ordered pair corresponds to which

variable.

*12. Each point of the plane is moved to a point having the

same abscissa'as before, and the ordinate of the new

point is the opposite of the ordinate of the original

point. This amounts to rotating the points of the plane

one-half revolution about the x-axis.

231
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(a) (2,1) goes to (2,-1)(h) (:2,-1) goes to (2,1)

(2,-1) goes to '(2,11) (2,1) goes to (2,-1)

(7 -i,2) goes to (-4,-2) (-4,-2) goes to (-

(-2,-3) goes to (-2,3)

(3,0) goes to (3,0)

(-5,0) goes to (-5,0)

(0,5) goes to (0,-5)

(0,-5) goes to (0,5)

(c) (a,-b) goes to ca,b)

(d) (-a,b) goes to (-a,-d

(e) (a,-b) goes to (a,b)

(0 All points on the x-P7-In

go to themselves.

(-2,3) goes to (-2,-3)

(5,0) goes to (3,0)

goes to (-5,0)

(0,-5) goes to (0,-5)

(0,5) goes to (0,-5)

(0, 5)

(3,0)

Figure for Problem 12.

*13. The points of the pla-m= =aye up two units and to the left

goes to (1,1)

goes to (-1,-11.

goes to (-2,2).

goes to (0,-3)

goes to (3,0)

three units.

(a) (1,1) 'goes to'(-20) .(b) (4,-'1)

-.-1,-1)goes to ,(-4,1) (2,-3)

goes to (-5,4) (1,0)

:0,_3) goes to (-43,-17.1 (3,-5)

(3,0) goes to (0,2) (6,-2)

232
[paggs 462-463]



497

(c) (a,b-2) goes to a-3,b)

(d) (-a+3,-b-2) goeb to (-a,-b)

(e) No point goes to itself

(f) Moving (a,b) to (a,b-2)

has the effect of sliding

the points of the plane

down two units.

HI .1111111
11111MANIMIIMI

mmanorisestia

11111111111111

0)

Figure for Problem 13.

233
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Suggested Test Items

1. Consider the equation 2x - 5y + 6 = 0

(a) Write the equation in the y-form.

(b) What is the slope of the line with this equation?

fc) What is the y-intercept of this line?

(d) Draw the graph of the equation.

(e) What is an equation of the line parallel to the
given line and with y-intercept number -2?

2. What is the value of a such that the line with equation
3x 2y - 6 = 0 contains the point (a,3)?

3. What is the value of b such that the point (2,-3) is
on the line with equation 2x - by = 3?

4. Determine the slope of each of the lines whose equations
are:

(a) y - 3 = 0,

(b) x = 2y - 2

(c) -x 1 = 0

5. Given the equation x2 - 1 - y = 0 and the ordered pairs

(0,2), (-3,8), (1,1), (-2,4), (0,-1), (0,1), (-2,3),

Which of the given ordered pairs are elements of the
truth set of the given equation?

6. Give a reason why or why not the equation in Problem 5

has a graph which is a line.

7. Draw the graphs of each of the following,with reference
to a different set of axis.

(a) 2x y 1- 5 = 0 (f) 2y + 3 = 0

(b) y = ix - 2

(c) 2x - 1 = 0

(d) lyl = x

(g) y x > 0

(h) x - 2y > 0

(i) x + 2 = y or x = y



(e) x = 2y + 3. (3) x + 2 =.y and x = y

Draw a line such that the coordinates of its points are

the ordered pairs for which each ordinate iS twice the

opposite of the abscissa. What is the equation of this

line?

9. From one point to another on a line the horizontal

change is -3 units and the vertical change is 6 units.

What is the slope of the line?

10. If the line described in Problem 9 contains the point

(0,4), what is an equation of the line?

1 . Is the point (-1,4) on the line containing the points

(-6,7) and (9,-3)? Give a reason for your answer.

12. With respect to separate sets of axes, draw the graphs of

(a) x > -4 and x < -1, with x and y integers.

(b) x > -4 and x < -1, with x and y real numbers.

13. With respect to separate sets of axes, draw the graphs of

(a) Ix 11 = 3 (b) Ix - 11 < 3

14. With respect to separate sets of axes, draw the graph of

(a) y = lxI + 1 (c) x + 2y > 4

(b) y = Ix + 1I (d) + 2yI > 4

235



Chapter 15

SYSTEMS OF EQUATIONS AND INEQUALITIES

The system of linear equations

1

Ax + By + C = 0

Dx + Ey + F = 0,

that is, the conjunction

Ax + By + C = 0 and Dx + Ey + F = 0

arises in many contexts where two variables have two conditions

placed on them simultaneously. This probably explains why such a

system is often called a "system of simultaneous equations".

We want the students to continue extending their ideas about

sentences, truth sets, and graphs. Thus, such a system is another

example of a sentence in two variables, and we again face the prob-

lem of describing it:8 truth set and drawing its graph. As before,

we solve this sentence by obtaining an equivalent sentence whose

truth set is obvious. Here we are aided.by the intuitive geometry

of lines. Two lines either intersect in exactly one point or they

are parallel. If the lines given by the system intersect, then the

point of intersection must have coordinates satisfying both equa-

tions of the system, and this ordered pair is the solution of the

sentence. Thus, the problem is one of finding two lines through

this point of intersection whose equations are the most simple,

namely, a vertical line and a horizontal line. All methods of

solving such systems are actually procedures for finding these

two lines.

Pase 466. Our symbolism

fAx + By + C = 0

Dx + Ey + F = 0

is just another way of writing the open sentence

Ax + By + C = 0 and Dx + Ey + F = O.
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The students must not interpret the symbolism as the disjunction

or Dx + Ey + F = 0".

In Problems -1(a) through 1(e) of Problem Set. 15-1a,

the students are to estimate the coordinates of the points of in-

tersection from carefully drawn graphs and then yerify that their

guesses (estimates) .are good ones.

Answers to Problem Set 15-1a; page 467:

2

0

Truth set :{( ,020)

1(b)

.1(c) 1(d)

2
1

6 2

I I

tr;
0

Truth set :

0

Truth set: (-3,3) }

1

0

2 T7

[page 467]

Truth set : (
3 5
2 1 2 )}



0

A2.1'

Truth V 7,)}

The student' s estimates :night be ( (-11.2, -8.1)) or

(-4, -8) ) . Do not try- to bring out the exact values

at this time. This problem will be used as a basis of

discussion in the next pages.

2(a) 2(b)

503

Truth set: All points of 3 8 Truth set: All points of
both lines, both lines.

[page 467)



jEtge 467. Other compound sentence's with truth set ((-1,3)).. are

x + = 0 and y - 3 = 0,

x+1,- 0 and 2x + y =

x + 2y - 5 = 0 and y .7 3 0,

Pages 468-11/2. Our purpose here is to derive a method for solving-

a system of equations

1

(A / 0 or B / 0; D / 0 or E / 0).
Dx + Ry + F = 0

on the assumption that this system has exactly_one ordered pair

of real numbers as its solution. We think of the individual

clauses of the system as equations of-lines and try to find a

horizontal line and a vertical line whimh pass through the polmt

common to.this firzt:pair of lines. If-these new lines have equa

tiOns "y = d" ant ux = c", then (cL,d) is. the solution ofHwir.

system.

1

The lines of tme system Ax + By + C = 0

. Dx +.Ey + F = 0

have exactly one point in common if and only if they are neither

parallel nor coincident. We know that two lines are parallel or*

coincident if and only if they are both vertical or-bOth have the,:.,

saMe slope. Putting these statements togetherTwe can say,that the

lines of the above system have eiactly, one point in common 'if anct

only if

(i) B 0 or E 0 (the lines are not both vertical)

and /
kii) - - 3. (if non-vertical, the lines are not parallel)..

A very astute student may inquire how, these conditions affect

the method for solving linear systems which is given in the text.

He may wonder why, for example, we areAlways, able to select

proper multipliers a and b which yield equations of horizontal

and vertical lines through the point common to the given lines, if

there is exactly one point. An explanation, which is certainly

not intended for ordinary class ,discussion, depends on the follow-

ing:
(pages 467-472)
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Theorem. The lines cf the system

fAx + By + C = 0

Dx + Ey + F = 0

are parallel or coincident if and only if there

exist real numbers a and b, not both zero, such

that

sA + bD 0 and aB + bE = O.

Discussion: A rewording of one part-of this Theorem is: If

thet:,lines are neither parallel nor coinc+dent, then there exist

real numbers a and b, not both zero, such that

aA + 0 or aB + bE / D.

(Notice that we have reworded part of the Theorem in the form of a

contrapositive. Thatis, if statement A, implies statement .B,

then the negation of B implies the negation of A.) As we shall

see, the fact that either aA + bD 0 or aB + bE / 0 will

guarantee the success of the method used in the text.

Proof: Let us prove first that if the lines are parallel or

coincident, then there exist numbers a and b, not both zero,

such that aA + bD = 0 and aB + bE = 0. .There are three cases.

Either the lines are vertical, or they are horizontal or neither

of these. If they are vertical, then

B = 0, E = 0, A / 0, D /0,

and we may choose a = -D and b = A such that

aA + bD = (-D)A + AD = 0 and aB + bE = a 0 + b. 0 = 0.

If they are horizontal, then

A = 0, D = 0, B 0, E 0

and we may choose a = -E and b = B so that

aA + bD = a.0 + b0 = 0 and aB + bE = -EB + BE = 0.
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If the lines are neither vertical nor horizontal (and are parallel),

then
A

- T3- = 7, A 0, B 0, C ? 0, D 0,

that is,
A B

15

A BIn this case, we may choose a = -1 and b = = p giving

AaA + bD = -A + 1-5D = 0 and aB +,bE = -B + -EE = 0.

Conversely, we prove that if there exist real numbers a and

b, not both zero, such that aA + bD = 0 and aB + bE = 0, then

the lines are parallel ,or coincident. There are two cases: either

a / 0 or a = 0. if a / 0, we may write the conditions in the

form

A = -D and B = -E.
a a

Since the equation Ax + By + C = 0 cannot have A = B = 0, it

follows that b 0. Hence, the equation Ax + By + C = 0, is

equivalent to

Dx + -Ey + C = 0 ,

a a

that is, to

Dx + Ey + = 0.

This is the equation of a line parallel to or coincident with the

line whose equation is Dx + Ey + C = 0. If a = 0, then

bD = 0 and bE = 0. Since b 0, it f011ows that D = 0 and

E = 0 and the lines are both vertical, hence, parallel or co-

incident. This completes the proof.

The theorem just proved allows us to justify the method of

the text. If the lines Ax + By + C = 0 and Dx + Ey + F = 0

have exactly one point in common, we form the equation

a(Ax + By.+ C) + b(Dx + Ey + F) = 0

with a and b real numbers, at lest one of which is not 0.

This new equation may be written

(aA + bD)x + (aB + bE)y + (aC + bF) = 0.

241



507

Since the lines of the original system are neither parallel nor

,poincident, we know that aA + bD / 0 or aB + bE 4 '0 and, hence,

,that this new equation is an equation of a line. Furthermore, if

,(c,d) is the solution of our original system, then Ac + Bd + C = 0

'and Dc + Ed + p = 0, so that

a(Ac + Bd + C) + b(Dc + Ed + F) = a(0) + b(0) = 0;

in other words, the new line passes through the intersection of the

:lines of the original system.

All we have to do to get a horizontal line containing (old)

is choose a and b so that at least one of them is not 0 and

aA + bD = 0. If A and D are 0, tha lines of the original

system are both horizontal and, hence, either have no points in

common or all points in common, contrary to our original assumP-

tion that (c.,d) is the only point common to the tWo lines of the

system. Thus, at least one of A and D is not 0, and we

simply choose a = D and b = -A.

Similarly, the choice a = E and b = -114 gives us a wrtizal

line on (c,d),

Ybur students will certainly not appreciate the argument we

have just given. They will be able to recognize the situations

where the lines Of the system are neither parallel nor coincident

and, so, will know whether or not the system_haa a unique sdlution.

However, they should always check their "solution" in both equa-

tions of the system to see that their computationS are correct.

The method given in the text has a geometric flavor: lines,

points common to lines, etc. A purely algebraic method is given

in Problem 2 of Problem Set 15-1b.

pase 11.73. Examples 1 and 2 illustrate both methods of obtaining

the second simple sentence after we have the first one. The

method of Example 1 is usually simpler, but sometimes the method

of Example 2 is preferred where fractions are involved.

242
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Help your students to see clearly that the sentence

x = 3 and y = 2" is equivalent to "4x - 3y = 16 and

"2x + 5y = 16".

The verification is not necessary-logically to prove the

sentences are equivalent. It is, however, desirable both to check,:

-6ccuracy of arithmetc and to keep before us what we mean by "the:

truth set of the sentence".

Answers to Problem Set 15....-2._b; pages 474-477:

{

1. (a) 3x - 2y - 14 = 0

2x + 3y + 8 = 0 -j--

3(3x - 2y - 14) + 2(2x + 3y + 8) = 0

9x - 6y - 42 + 4x + ET 16 0

13x - 26 = 0

13x = 26

. 2

When x = 2,

2.2 + 3y + 8 = 0

3y = - 12

y =

The truth set is

- 4

((2,-4)).

Verification: Left

First Clause: 3.2 - 2(-4) - 14 = 6

Second Clause: 2.2 + 3(-4) + 8 = 4

243
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+ 8 - 14 = 0

- 12 + 8 . 0

(page 474]
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(b) ((2,-3)).

(c) ((5,-7))

(d) ((17,22))

(e) ((41.$44))

2. At this point we are using the symbols c, d as specifie

'numbers, namely the numbers which are assumed to.make both Sentendes

of the system true. Thus, we are not thinking of c and .d as the

izsual variables, which represent unspecified numbers. The,differ-,

'ence between. "3x - 2y - 5 = 0" and "3c -.2d - 5 = 0" . is that

'the first is an open sentence, whereas the second is a statenient

.about two specific numerals naming the same number. The equations

above simply constitute the arithmetic of finding common names of

o and d, if they exist.

(a) Assume that (c,d) is a solution of the system

'Ix - ky - 15 = 0

3x + 5y - 11 = 0

[pages 474..475]
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- 4d - 15 = 0

3C + 5d - 11 = 0

3(c - 4d - 15) = 3.0

- 1(3c.+ 5d - 11) = -1.0

3c - 12d -.45 = 0

- 3c - 5d + 11 = 0

-17d - 34 = 0

d = -2

5(c - 4d -.15) = 5.0

4(3c + 5d - 11) = 4.0

5c - 20d - 75 = 0,

12c + 20d - 44 = 0

17c - 119 = 0

c =7

Check: 7 - 4(-2) - 15 = 7 + 8 15 . 0

3.7 5(-2) 11 = 21 - 10 - 11 = 0

Truth set: [(7,-2)].

(b) (( 's 1))

(c) ((a:6 ;.))

then

(d) Assume. (c,d) is a solution to the system

{2x + 2y = 3

3x + 3y = 4

2c + 2d - 3 = 0

3c + 3d - 4 = 0

3(2c + 2d - 3) = 3.0

2(3c + 3d - 4) =

245
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6c + 6d - 9 = 0

6c + 6d - 8 = 0

0 + 0 - 1 = O. Since .-1' 4 0, this,

ebntradiction tells us that our assumption that .(c,d),

is false. Therefore, there Is.mo solution'.. The -student'.can-

Hfurther verify this conclusion by dhserving that these tWo. lines'

Olave the same slope, but different fmtercepts: .they .are parallel

and do not intersect.

3. ) Suppose there were x tickets

and y tickets sold at 75 cents.

Open sentence: x + y = 311 and 25x + 75y . 10875.

Truth set: ((249,62)) Hence, there were 249 pupils

and 62 acingt tickets sold.

(b) If there are x girls, then Elsie has x -

sisters. Hence, there must be x - 1 boys.

Similarly if there are y boys, then Jimmie has

y - 1 brothers and 2(y - 1) sisters.

Open sentence: x - 1 = y and 2(y - 1) = x.

Truth set: ((4,3)). Hence, there are 4 girls

and 3 boys in the family.

(c) Suppose there were x three cent stamps purchased,

and y four cent stamps.

Open sentence: x + y = 352 and 3x + 4y = 1267.

Truth set: {(1410211)). Hence, there were 141

three cent and 211 four cent stamps purchased.

(d) Suppose there were x one dollar bills and y

five dollar bills.

Open sentence: x + y = 154 and x + 5y = 465.

Truth set: ((74,74)). He has not counted

correctly, since, the number of bills must be an

integer.

sold at 25 cents,
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4. The students should try to find the truth sets here by

the method given on Pages 468-474. They will be

successful with Problem 4(a) only. The method fails

for Problems 4(b) and 4(c).

(b) a(2x - y -5) + b(4x -, 2y - 10) = 0

(a + 2b)(2x) - (a + 2h) y - (a + 2b)5 = 0

(c) a(2x + y - 4) + b(2x + y - 2) = 0

(a + b)2x + (a + b)y - 4a - 2b = 0

Clearly, in both cases, any choice of a and b

which gives a zero coefficient for x does the

same for y; and conversely.

We ask the students to draw the graphs of the

clauses of the systems so that they will make the

following observations:

(1) In Problem 4(b), there is more than one point

common to the graphs of the clauses

2x - y - 5 = 0 and 4x - 2y - 10 = 0;

(2) The graphs of the clauses in Problem 4(c)

have no points In common.

We should perhaps emphasize once again that

the method on Pages 468-474 of the text leads

to the truth set of the system if and only if

ths graphs of the clauses of the system have

exactly one point in common.

247
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4(a) 4(b)

Truth set: ((-4,1)}

k(c)

2

0

513

Truth set: The whole line.

0

Truth set is 0:
The lines are parallel.

[page 477]
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5. If the line Ax + By + C = 0 is to contain the origin

then C must be equal to zero. Since a(5x - 7y - 3) +

b(3x - 6y + 5) 0 represents any aine passing thru the

intersection of the lines 5x - 7y - 3 . 0, and

3x - 6y + 5 . o, we must choose a and b, not both 0,

so that -3a + 5b = 0. One obvious choice is a = 5,

and b = 3. Therefore, our compound sentenc,e now .becomes

5(5x - 7y - 3) + 3(3x - 6y + 5) o.

Therefore, 34x - 53y,. 0 is an equation of the line

passing through the origin and 'passing through the inter-

section of the lines 5x - 7y - 3 . 0 and 3x - 6y + 5 0.

Page 477. For the system

5 2x - y - 5 0

- 2y - 10 0,

we have

a(2x - y - 5) + b(4x - 2y - 10) = (a + 2b)(2x) - (a + 2b)y -

. (a + 2b)5,

It is then evident that no choice of a and b will give a 0

coefficient for one of x and y and not the other.

Page 478. The students' answers to the questions concerning the

slope and y-intercept number of y = -2x + 4 and y = -2x + 2

should suggest why the y-form of an equation of a line is also

called the slope-i-intercept form.

Page 478. When the algebraic technique we have developed is

applied to the system

{

2x + y - 4 = 0

2x + y - 2 = 0,

we find that

a(2x + y - 4) + b(2x + y - 2) = (a + b)(2x) +(a + b)y - 4a - 2b

Clearly, any choice of a and b which gives a 0 coefficient for

x also gives a 0 coefficient for y; and, conversely.

[pages 477-478]
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Page 480. The relation "are proportional to" for ordered sets of

real numbers is a highly useful one. We have given the definition

in the text for ordered pairs of real numbers. For ordered triples

of numbers, it would read: The real numbers A, B, and C are

proportional to the real numbers D, E, and F if there is a non-

zero real number k such that

A = kD, B = kE, and C = kF.

Thus, the lines of the system

lAx + By + C = 0

Dx + Ey + 'F = 0

are coincident if and only if the numbers A, B, and C are pro-

portional to D, E, and F.

The statement that A, B, and C. are proportional to D,

E, and F is often abbreviated to

A_B__ C
. -E-F

where it is agreed that when one of the denominators is 0, then

so is the corresponding numerator. It is by no means intended that
0 0

one interpret u .as "the quotient of 0 by 01I; rather, u is

written for the statement 0 = k.0 so that one can abbreviate such

statements as "0, 1, and -7 are proportional to 0, -3, and 21"

to.

0 1 -7
U

Using this abbreviation, the lines of the system

{Ax +, By + C = 0

Dx + Ey -F F . 0

A B .0
are coincident if and only if -5 = = F, .

250
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Answers to Problem Set 15-1c; pages 480-484:

Example 1.

Truth set: ((5,2))

Example 2.

111111111111111111111111111
IINIIPIIIIIIMIIIIIPII
MUMmmaradiitimmunarami
1l 111111111rimisommui
....mumummun

Truth s t is whole line.

Example 3.

Truth set is 0:

Lines are parallel.

2 5
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2(a)

0

Truth set: ((-1,4))

517

2(b)

Truth set: ((7,2)]

(c) The set of all coordinates of points on the line.

(d) 4 ))
() 0

(f) ((.25 23- 3»
'

3. The idea here is that the values of y for each equa-

tion must be the same when x is the abscissa of the

point common to the lines of the system

2x y - 7 = 0

5x + 2y - 4 = 0

This simple observation then allows one to solve an equa-

tion in the one variable x, obtained by writing each

equation in its y-form and then "equating" these two

expressions in x.

Instead of writing both equations in their y-forms,

we sometimes find it more convenient to write one in its

y-form and replace y by the resulting expression in x

in the other equation.

252
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Encourage your students to use whichever one of these methods

seems more appropriate.

{

3x + y + 18 = 0

2x - 7y - 34 = 0

.

From the first equation

y = -3x - 18

2x - 7(-3x - 18) - 34 = 0

2x + 21x + 126 - 34 = 0

23x + 92 = 0

x = -4

When x = -4,

y = -3(-4) - 18

y = -6

The solution is (-4,-6).

(b) y = gx + 2

1 y = - ;x + 40

Ix + 2 = + 40
2

kx + 12 = --15x + 240

19x = 228

x = 12

When x = 12,

2,y --.12 + 2
3

y = 10

The--Sblution is (12,10).

[pages 481-482]
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(c) I 5x + 2y - 4 . 0

10x + 4y - 8 = 0

5 2 -4
Since To- = =

4 =IP

519

The equations represent the same line, and the truth set,

is the set of the coordinates of all points on the line.

0) (3,-5)

(e) x + 7y = 11

x - 3y = -4

1

x = -7y + 11

x *..-- 3y - 4

-7y + 11 =,3y - 4

15 = 10y

2
2 = Y

When y =

x = 3(i) - 4

1x =

The solution is 4,

(f) (-24)

(a) The graphs of the clauses intersect in the point

which corresponds to the given Ordered pair.

(b) The graphs coincide. The two clauses are equiva-*

lent. There is a non-zero real nuar k such that

Ax + By + C = k(Dx + Ey + F).

(c) A and B are proportional to D and E. The

graphs are parallel.

[pages 482-4831
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5. We find the truth set to be (G., )3 by any of the

methods:

(a) Choose a,b such that

+ 2y - 11) + b(3x y - 2) = 0

is equation of line through intersection and

parallel to an axis, etc.

(b) Assume (c,d) satisfies both equations and solve

resulting equations for cod by addition method.

(c) Write both equations in y-form and equate values

of y.

(d) Use the substitution method.

(e) Draw graphs of equations and estimate coordinates

of point of intersection.

6. (a) ((3,-4)). Any method, except y-forms, would be

equally effective.

(b) ((0,0)). Addition method would be easiest.

(c) 44.)). Substitution method; or clear fractions

and use addition method.

(d) ((1, i)). Addition method because the coefficients'

of y are opposites.

) ((6,1)). Solve for x in first equation; substitute

this value in second.

(f) 0 Simplify left members and notice that the co-

efficients of x and y are proportional.

(g) C(4). Any method except graphing.

(h) [(507)). Substitution method.because the first

equation can be easily "solved for y in terms of

x".

255
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In the following problems try to bring out the possibility of

using either two variables or one variable. Do some of the problems

both ways. Look at the relative metits of the two ways. See how

the equation in one variable develops from the two equations in two

variables.

7. If the numbers are x and y, then

{x + y = 56

x - y = 18

Truth set: ((37,19))

The numbers are 37 and 19.

OR If the larger number is x, the smaller number is

56 - x, and

x - (56 - x) = la .

OR If the smaller number is y, the larger number is

y + 18, and

y + (y + 18) = 56

8. If Sally is x years old and Joe is y years old, then

kx + y = 30

x - y = 4

+ y = 30
OR

y x = 4

Notice that we do not know which is the older, so the

problem can be answered in two ways. Notice also that

the information "In five years" is irrelevant since the

difference in their ages is the same now as it'is at any

time.

Truth set: ((17,13)) or ((13,17))

Sally is 17 years old and Joe.is 13 or

Joe is 17 years old and Sally is 13.

This problem can be set up in four different ways using

one variable:

Sally n years old Sally n years old

Joe 30-n years old ::joe (n+4) or (n-4) years old

{ y

joe n years old Joe n .years old

Sally 30-n ears old Sally (n+4) or (n-4) years old

(page 483)
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9. If he uses a pounds of almonds and c pounds of cashews,

then

a + c = 200

1.50a + 1.20c = 1.32(200)

Truth set: ((80,120))

He should use 80 pounds of almonds and 120 pounds of

cashews.

OR If he uses a pounds of almonds, then he uses

(200 - a) pounds of cashews and

1.50A + 1.20(200 - a) = 1.32(200)

10. If the tens/ digit is t and the units' digit is u,

then

lu = 2t + 1

(10t + u) + u 3t + 35

Truth set: ((3,7))

The number is 37.

OR If u is the units' digit, then

(212 + 1) is the tenst digit, and

10(2u + 1) + a = 3(2u + 1) + 35

11. We use the principle from Physics that a lever

r-7-1 lYl
balances if cx = dy

where c and d measure the distances from the fulcrum,

or point of balance, and x and y measure the weights

of the objects on the lever. We can think of cx and

dy as measures of the forces which tend to turn the

lever.

Explain this informally to the students but do not

make a major lesson in physics of it.

2 57
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If Hugh is h feet from the point of balance and Frk_d

is f feet from the point of balance, then

+ h = 9

100f 80h

The truth set: ((4,5))

Hugh is 5 feet, Fred is 4 feet from the point of

balance.

12. If one boy weighs a pounds and the other boy weighs

b pounds, then

1

a + b = 209

5a = 6b

Truth set: ((114,95))
.

One boy weighs 114 pounds, the other 95 pounds.

13. If the speed of the current is c m.p.h. and the speed

of the boat in still water is b m.p.h., then

+ c) = 12
2

6(b - c) = 12

Truth set: ((5,3))

The speed of the current is 3 m.p.h. and the speed of

the boat in still water is 5 m.p.h.

This problem is not easily done with one variable.

14. If apples cost a cents per pound, and bananas cost b

cents per pound, then

13a + 4b = 108

4a -1-- 3h . 102

Truth set: ((12,18))

Apples are 12 cents per pound and bananas are 18

cents per pound.

258
[page 484]



15. If A walks at a miles per

B walks at b miles per

in 60 hours, A walks

B walks
in 5 hours, A walks

B walks

hour, and

hour, then

60a miles and

60b miles;

5a miles and

5b miles.

1

60a = 60b + 30

5a + 5b . 30

The truth set: ((V-, *))
1

A walks at 3.4. miles per hour.

B walks at 22. miles per hour.
4

16. If there are x quarts of the 90% solution and y

quarts of the 75% solution, then there are .90x

quarts of alcohol in the 90% solution and .75y quarts

of alcohol in the 75% solution. Furthermore, there are

.78(20) quarts of alcohol in the mixed solution,

1 .90x + .75Y = .78(20)

x + y . 20

Truth set: ((4,16)1

He should use 4 eluarts of the 90% solution.

17. If the average speed of car A is a miles per.hour

and the average speed of car B is b miles per hour,

then

{loc), _ 275 1

a b .g

222 240 1
a -1--- 5

Truth set: ((60,50))

Ats average speed was 60 m.p.h. and

Bts average speed was 50 m.p.h.

[page 484]
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Page 485. The system of inequalities denoted by

+ 2y - 4 > 0

- y - 3 > 0

is a ohorthand for the compound open sentence

525

x + 2y-- 4 > 0 and 2x - y - 3 > 0.

The graph of this system is, of course, the graph of the compound

open sentence.

page 485. In drawing the graph of an inequality

Az + By + C 0, (B 0)

write the inequality in the form

(1) y - 14c - (n > o),

(2) y < - ( B < 0 ) ,

whichever is appropriate. On the line

(3) Ax + By + C = 0,

A C
y = , rx r. Thus, for a given value of x, (x,y) satisfies

equation (1) if the point (x,y) is above the line, since the

ordinate of this point is greater than

A Cgc r. On the Other hand, for a given value of x, (x,y) sat-
!

isfies equation (2) if the point (x,y) is below the line. In

general, the graph of (1) is the set of 'points above-the line

(3); the graph of (2) is the set of points below the line (3).

page 486. The graph of the system

{3x - ay - 5 = 0

x + 3y - 9 < 0

is the portion of the line 3x - 2y - 5 = 0 which is below or

on the line x + 3y - 9 = 0.

[pages 485-486]
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Answers to Problem Set 15-2a; page 487:

The truth set of each open sentence in Problems 1, 2, 5, 6,

consists of all points in the doubly shaded regions of the graph,

together with all points of the solid line boundaries of these

regions. In Problems 3 and 4, the truth set is the portion of

the solid line inside the shaded region.

I.
I y 2.

0

3.

au AAAA
41PARIMMIAP2r

MOM Efanntigar
111101 a- 1/11ECANW
NE )1.;,1MNIZOWArt
IMMII
MIME MIVAROMM'
1111111111MMEEM
111111111111111114!7AEW

AMPAWrIMMO miGgrAw
INIMFAIWam ;A AmmoNunn 'r VA =WPM P"
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4.

6.

262
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5.

The empty set, 0.
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.Answers to Problem Set 15-2b; page 488:

The graphs of all the open sentences in Problems 1-3 of this

set of problems consists of all points in all the shaded areas to-

gether with all points of the solid line boundaries of these regions.

In Problem 4: the graph is the doubly shaded region.

1. 2.

263
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Page, 488. The graph of

(x - y - 2)(x + y 2) < 0

is the graph of

x y - 2 < 0 and x + y - 2 > 0

or
x - y - 2 > 0 and x y - 2 < 0.

The graph consists of the two regions which are singly shaded.

264
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Answers to Problem Set 12-2c; pages 489-490;

The graphs of the truth sets here consist of all points in

the unshaded and the doubly shaded regions of the figures.

1(a) 1(b)

1( c ) 1(d)

[page 489]
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Truth set ; 1(0,-24

The truth set is doubly shaded region.

The truth set is set of points on solid

2(b)

2(d)

531

u\\1
Truth set
All.points on both lines.

74.

;

I 2
>-

.\-o \/ t /\o \
The truth set is doubly shaded region

2 (f )

line within shaded region The truth set is whole shaded region.

(page 489)
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Truth set is whole shaded area
and both lines

2 (

Truth set is the doubly shaded
and the unshaded region.

Truth set is the doubly shaded
and the unshaded regions

67

[page 489]



3(a)

3(c

533
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*4. If r is the number of running plays and p is the
number of pass plays, then 3r is the number of yards

1made on r running plays and 20( ) p is the number
3

of yards made on p passing plays. Since, the team is
60 yards from the'goal line,

20
3r + --p 60

3

if they are to score.

30r seconds are required for r running plays, and 15p
seconds are required for p passing plays; therefore,

30r + 15p, 5(60)

These two inequalities give the equivalent system

I

20p + gr > 180 (p and r are non-negative
ip + 2r 20 ntegers.)

The graph of this system is

immimmumumpp
impulimpidd
opummounoppo

nommoomatin
monamalissmo

IN iJt MN

269
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It is evident there re 48 different combinations of r

mad p which will assure success, for example, 2 running and

10 passing, etc. However, there are some combinations-which.leave

1 smaller time remaining, thus giving the opponents less time to

a.ilr to score. These are the points of the graph nearest the line

? + 2r 20.

270
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Answers to Review Problems; pages 490-492:

1. (a) As an equation in one variable, the truth set of

u2x - 3 0" is ((;)) and its graph is:

-2 -I 0 I 2

(b) As an equation in two variables, its truth set is

the set of all ordered pairs of real numbers with

first number Its graph is

2
0
es

2

2. (a) As a sentence in one variable, the truth set of
It

IYI < 3" is the set of all y such that

-3 < y < 3, and its graph is:

(b) As a sentence in two variables, its truth set is the

set of all ordered pairs of real numbers with second

number between -3 and 3. The graph is the shaded-

portion of:

[page 490]
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3. (a) The sentences are not equivalent, because the truth

set of "x - 2 = 0 and x - 1 = 0" is 0 (x can-

not be both 2 and 1.)

(b) They are equivalent. The operation of multiplying

by x
2

+ 1 leads to an equivalent sentence.

(c) Not equivalent. The graph of x y > 0 contains all

points in the first and third quadrants, whereas the

graph of "x > 0 or y > 0" contains all points in

quadrants I, II, and IV.

(d) Not equivalent. The truth set of (y - 1) = 2(x-1)

includes the element (1,1), whereas the truth set

of = 2 does not include (1,1).
x-1

(e) They are equivalent, Both have the truth set

((6,-3)).

4. The line a(3x - 5y - 4) + b(2x + 3y + 4) = 0 contains

the point of intersection for any numbers a and b,

not both 0. Let a = -2 and b = 3. Then

-2(3x - 5y - 4) + 3(2x + 3y + 4) = 0

19y + 20 = 0

is the equation of the required horizontal line. Let

a = 3 and b = 5. Then,

3(3x - 5y - 4) + 5(2x + 3y + 4) = 0

19x + 8 . 0

is the equation of the required vertical line.

5. (a) ((5,3)) (d) 0

(b) ((-2,-1)) (e) ((6,-5))

(c) Set of all solu- ((24,9))

tions of either

equation.
272
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6. (a) The lines Ax + By + C = 0 and Dx + Ey + F = 0

are parallel if and only if either B = E = 0,

-35 r or

A B C
(b) If 15 = = the equations represent the same

non-vertical line.

(c) Two lines have exactly one common point if and only

if both have slopes and their slopes are different,

or if one has a slope and the other does not.

7. (a) (b)

2

(a)

273
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(e)

"ly + 3x1 > 2" is equivalent:to "y + 3x > 2 or

-(y + 3x) > 2".

8. y . x + 1

x + y = 57, x and y integers.

Truth set: ((28,29))

1x + y = 16

2x . y - 3, x and y integers.

Truth set: 0

x + y . 45

y = 4x + 5 Truth set: [(8,37))

x + y = 20

4.8x + 6.0y . 110. Truth set ,.((84., 14))

274
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Suggested Test Items

1. Draw the graphs of the truth sets of the following-

sentences:

(a) x = 2 and 2x - 3y + 5 = 0

.(b) y - 3 = 0 or x + y = 1

(c) (2x - 1)(x + y) = 0

2. Cornfider the system of equations-

13x + y - 5 = 0

2x - 3y + 4 = 0.

(a) Estimate the truth set of this system by drawing

graphs of the two equations.

(b) Select a value of a and a value of b such that

a(3x + y - 5) + b(2x - 3y + 4) = 0

is the equation of a horizontal line containing the

point of intersection of the two given lines.

(c) Write each of the given equations in y-form and

solve the equation obtained by equating these two

resulting expressions in x.

(d) Explain the relationship between the results of

parts (a), (b) and (c).

3. Solve the following systems by any methods. In each case

explain, why you chose a particular method. .

{y = - 2x + 1

y = 3x - 4

y = -2x + 1

3x + 2y..4

4x 5y + 6 = 0

275 I.



1x y + 3 = 0
2

x - y + 1 = 0
3

1x - y + 3 = 0
2

x 2y - 3 = 0

y - 3x = 3

1x - y'+ 1 . 0
3

4. Without solving, determine which of the following systems

have exactly one solution, which have many solutions,

which have no solution.

(a)

( b )

( c )

( d )

(e)

(f)

3x = 4y - 2

8y + 6x + 2 = 0

1x + 3 = 2y
2

x - 2y.= 2

1 1If + 2fy = x

3 = x + 2.5y

4ix - 5y - 1 = 0

2 3
5x - 44.y + 2 = 0

.5Y = .4 - 4x

8x + lOy = 8

2x 27 =
5 2

.12x + y = 2

In problems 5-10, translate into open sentences and solve.

5. Two numbers are such that their difference is 3 and

their average is 6. What are the numbers?

276
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6. Can two integers be found whose difference is 13 and

the sum of whose successors is 28?

7. The digits of an integer between 0 and 100 have the

sum 12, and the tens digit is 3 more than twice the

units digit. What is the,integer?

8. If the digits of an integer between 0 and 100 are

reversed, the resulting integer is 45 greater than

the given integer. What is the integer if the sum of

its digits is 11?

9. A man made two investments, the first at 4% and the

second at 6%. He received a yearly income from them of

Poo. If the total investment was $8,000, how much

did he invest at each rate?

10. How many pounds each of 95-cent and 90-cent coffee

must be mixed to obtain a mixture of 90 pounds to be

sold for .92 cents per pound?

11. With respect to separate sets of axes draw the graphs of:

(a) 2x + 3 > o, (d) y < x + 1 or

3 < 0 2x - y < 0

(b) y < x + 1 (e) (x + y - 1)(2x - y) > 0.

2x - y < 0

(c) 2x + 3 > o or

3.< 0

277



Chapter 16

QUADRATIC POLYNOMIALS

This chapter continues the work on graphs which_was started in

Chapter 14. After graphing some general quadratic polynomials of

:the form Ax2-*-Ek + C by drawing curves through selected points,

we examine the parabola which is the graph,of the simple polynomial

x2. We note the changes in the graph as x2 is multiplied by a,

as soma number h is added to x, and as some number k is added

to x2. We then generalize about the graph of a(x'-h)2 + k where

h, and k are real numbers and a / O. This leads us to use

the method of completing the square to change any quadratic poly-

nomial into the standard form a(x-h) 2 + k. We finally use the

method of completing the square to solve quadratic equations.

Graphs cf Quadratic Polynomials

Paae 493. -2(x + 1) 2 + 3 is a quadratic polynomial, since it is

equal to -2x2 - 4x + 1 for all values of x.

Example 1.

y = x2 - 2x 3

x -2
3--
2

-1
2--
3

0
1

'2'

- 1
)1

-

3
2 -.

2
3 4

_

Y 5 0
11 15

-17-
4

4 35 _
-..1

7-i 0 5-
9 9

Answers to Problem Set 16-la; page 494:

1. x -2 -1
1

- 0
1
-ff

Y 8 2
1

-ff

1

2
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2.

3 .

4 .

x -3 -2 3--
2

-1 1. - -
2

0
1-
3

1 2 3

Y 7 2
1
-T - 1 - ; -2 17 -1 2 7- -

9

x - 3 -2 -1 1--
2

0 1-
2

1 2 3

y 1-7-- - 4 3- -f 5
- Br 0 3

.8.
1
-.- 0

3
---.

x -3 -2 3--
2

-1 --1
2

, l 1 1 2

Y 7 3
7
Tr

3
-4-

7
-4-

3 7

279
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5.

6.

x -1 0 1 2 3 4 5

1 1
V 4 9

x - - 3
.4.

0 - 5 - 6 -.6A- -3

280
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x -5 -4 -3 -2 -1 0 1 2 3 4 5

y 5 3.2 1.8 .8 .2 0 .2 .8 1.8 3-.2 5

.4

-2

7-

5. The graph of -5x
2

can be obtained by rotating the graph of

5x
2 one-half revolution about the x-axis.

6. The graph of -ax2 can be obtained by rotating the graph of

'ax
2

one-hal' revolution about the x-axis.

Page 497.

1
Y = 7 - 3)

x 0
1
-1.i 1

3

2
2 2.5 3

13
---4- 4 5

y
9
.2.

327 2
9
B.

1
.2. .125 0 1 3.r 2

We can obtain the graph of y = -(x + 3)2 by moving the

graph of y = -x
2

three units to the left.

[Pages 496-498]
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Answers to Problem Set 16-1c; page 498:

1. y = 2(x + 2)2

x -4 -3 -; -2
.

-1 0

y 8 2
1
-ff 0

1
F 2 8

You can obtain the graph of

y = 2(x + 2)2 by moving the

graph of y = 2x2 two units

to the left.
1 2

2. (a) You can obtain the graph of y = 3(x + 4)2 by moving
0

the graph.of y = 3x(-- four units to the left.

(b) You can obtain the graph of y = -2(x.- 3)2 by moving

the graph of y = -2x 2 three units to the right.

(c) You can obtain the graph of y =4(x + 1)2 by moving

1 2
the graph of y = --gc one unit to the left.

(d) You can obtain the graph of y + -3ff.)2 by moving

1 2
the graph of y = 7x one-half unit to the left.

0

3. The graph of y a(x - h)2 where a and h are real.num-

bers and a / 0 can be obtained by moving the graph of

y = ax 2
Ihi units to the right if h is positive, and Ihl

units to the left if h is negative'.

Page 499.

y = ;.(x - 3)2 + 2

x 0 ;- 1 4 2 2.5 3 13V 4 5

Y
13
--2.

50 1

[

25
73.

5
-ff 2.125 2

65 5
232

283
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29...The vertex of the parabola whose equation is

y = -f(x - 3)2 + 2 is the point (3,2). Note that this is the

point :that the origin (0,0) goes to when all Points of the plane

are moved '3 units to the right and 2 units ur:ward. The origin,'

is the vertex of any parabola of the form ax2.

The axis of the parabola is the line whose equation is x = 3.

Answers to Problem Set 16-1d; page 501:

1. The graph of x2 - 3 can

be obtained by sliding the

graph of x
2

down 3 units.

The graph of x
2

+ 3 can be

511-9

obtained by sliding the graph

of x
2

up 3 units.

2. The graph of 2(x - 2)2 + 3

can be obtained by sliding

the graph of 2x
2

to the

right two units and up three

units.

284
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3. The graph of y = (x + 1)2 -

can be obtained by sliding

the graph of x
2

to the left

one unit and down one-half

unit. Its vertex is

The equation of its axis is

x = -1.

4. The graph of y = -2(x
1)2

+ 3

can be obtained by sliding the

graph of -2x2 to the left

one-half unit and up three

units.

5. (a) y = (x + 5)2 - 2.

(b) y = -(x + 2)2 + 3.

(c) y = ;.(x - 1.

1 2
(d) y = x .

2

6. (a) The graph of y = 3x2

and four units downward.

is moved two units to the right

(b) The graph of y = -x
2

is

and one unit upward.

moved three units to the left

[page 5011
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(c) The graph of y = 22:x2 is moved two units to the right

and two units downward.

(d) The graph of y = -2x2 is moved one unit to the left

and twd units upard.

16-2. Standard ForMs

We discuss in detail and provide practice in changing quad-

ratic polynomials to the standard form a(x - h) k for two

reasons. First, we have already shown how quickly the_graph may be

sketched from this form. Second, we shall show its application to

the solving of quadratic equations.

Answers to Problem Set 16-2; pages 503-50'

1. (a)

(o)

(c)

x2 - 2x =

=

x2 + x + 1

x2 + 6x =

(x2 - 2x + 1)

(x - 1)2 - 1

= (x2 + x +

t.)2

(x2 + 6x + 9)

-1

.20 1

- 9

(x + 3)2 - 9

(x2 - 3x + i) - 2 -

- L.P2

(x2 - 3x + + 2

4)2

= 5(x2 - 2x + 1) - 5 - 5(1)

= 5(x - 1)2 - 10

(d) x2 - 3x - 2 =

=

(e) x2 - 3x + 2 =

(f) 5x2 - 10x - 5

[pages 501-503]
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(g) 4x2 + 4 (or: 4(x - 0)2 + 4)

(h) x
2

+ kx = (x2 + kx + - /11

kN2 k2
= (x + -

(i) x2 x - 1 = (x2 +1-2-x + -

+42

(J) x
2

3x + 2 = ;(x2 - 6x + 9) + 2 -1

2. (a) x2 -

= (x - '1)2 +

(b) x2 + 3x + 1 = (x2 + 3x + -?7) + 1

4)2 -

1
(c) 3x

2
- 2x = 3(x2 - x +1)

3 9 -3-

. 3(x - ;-)2 -

(d) (x + 5)(x 5) = x2 - 25 (or: (x - 0)2 - 25)

(e) 6x2 - x - 15 =

9

6(x2 1 11

= 6(x 1 N2
12i -- j*JOV

(r) (x + 1 -Nn)(x + 1 = (x + 1)2 - 2

3. (a) The graph of x
2

- x + 2 is a parabola with vertex

1 7. 1
(15 , -4.) and axis x = -ff. It is obtained by moving the

1 3
graph of y = x

2 to the right unit and upward 117-
2 4

units.

28.1.

[page 503]
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(b) The graph of x2 + 3x + 1 is a parabola with vertex.

(-4 , 4) and axis x =-4. It is obtained by moving

the graph of y = x2 to the left l units and downward

11T units.

(c) The graph of 3x2 - 2x is a parabola with vertex

, -4) and axis x It is obtained by moving the

graph of y 3x2 to the right 23-- unit and downward

1

-3-

unit.

(d) The graph of (x + 5)(x - 5) is a parabola with vertex

(0, -25) and axis x 0. It is obtained by moving the

graph of y = x2 downward 25 units.

(e) The graph of 6x2 - x - 15 is a parabola with vertex

(-342., -154)

(f)

and axis x = A-. It is obtained by moving

the graph of y = 6x2 to the right unit and downward

11575 units.

The graph of (x + 1 -,/) (x ± 1 +.1-fl is a parabola

with vertex (-1, -2) and axis x = -1. It is obtained

by moving the graph of y = x
2

to the left one unit and

downward two units.

4. x
2 + 6x + 5 = (x

2 + 6x + 9) + 5 - 9

= (x 3)2 - 4

The graph crosses the

x-axis in two points. These

are (-1,0) and (-5, 0).

[pages 503-504]
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5. x' + 6x + 9 = (x + 3)
2

The graph does not cross

the x-axis. It touches it

at one point: (-3, 0).

y

2

0

6. x2 + 6x + 13 = (x2 6x + 9) + 13 - 9

= (x + 3)2 + 4

The graph does not

cross, nor touch, the x-axis.
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7. If y = 0 in Problem 4, then

x
2
+ 6x + 5 = 0

(x + 5)(x + 1) = 0

x + 5 = 0 pr x + 1 = 0

x = -5, or x = -1

are all equivalent. Hence the truth set of the equation

Is (-5, -1).

If y = 0 in Problem 5, then

x
2

+ 6x + 9 = 0

(it + 3)(x + 3) = 0

x + 3 0 or x + 3 = 0

x -3 or x = -3

?.re all equivalent. Hence the truth set of the equation

is (-3).

In each case, the members of the truth set of the equa-

tion are the same as the abscissas of the points where the

parabola crosses the x-axis.

The points in which a parabola crosses the x-axis will

be those points whose abscissas are members of the truth set

of the equation of the parabola, and whose ordinates are 0.

8.

Problem

Problem

Problem

4.

5,

6.

Polynomial Standard form

x
2 + 6x + 5

x
2
+ 6x + 9

x2 + 6x + 13

(x + 3)2

(x + 3)2

(x - 3)2

- 4

- 0

+ 4

290
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_
The polynomial in Problem 4 can be factored as the

difference of two squares, as follows:

x2 + 6x + 5 = (x + 3)2 - 4

3)2 (2)2

(x + 3 + 2)(x + 3 - 2)

= (x + 5)(x + 1)

16-3. Quadratic Iguations

Page505. 2x2 - 3x + 1 = 0

(2x - 1)(x - 1) = 0

2x - 1 = 0 or x 1 = 0

1
or x = I

are all equivalent. Hence the truth set of the equation

1
is 1).

Page566. For every real number x, x-1 is also real. Hence

(x - 1)
2

is greater than or equal to 0, since the square of a

real number cannot be negative.

Answers to Problem Set 16-3; pages 507-509:

1. , (a) (3x - 5)(2x + 3)

(b) Cannot be factored over the real numbers.

(c) (x2 + 8x + 16) - 16 + 3 = (x + 4)2 - 13

= (x + 4 + ,/fJ) (x + 4 try)

[pages 504-507]
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(d) Cannot be factored over the real numbers.

(e) (x +N(5)(x -.17)

(f) (3x - 2)(3x - 2)

*(g) (17(x - 1) +.41)(%/7(x - 1)

= (.1-Ex ( "Fx -17 -,./3")

(h) x(3 - 2x)

2. (a) x2 + 6x + = 0

(x2 + 6x + 9) + 4 - 9 = 0

(x + 3)2 - 5 = 0

(x + 3 +-I-5-) (x + 3 - 1-5-) = 0

x + 3 +1-5- = 0 or x + 3 -1-5- = 0

x = -3 -.VT or x = -3 +,,r5-

are all equivalent. Hence the truth set of the equation

is (-3 VT), -3 +1;1.

(b) 2x
2

- 5x = 12

ax
2

- 5x - 12 = 0

2(x2 - x + ) - 12 - = 0

2(x - *)2 - 1!..16g 0

( 2-14x

5 11 5 11or x- - 0

3
x or x =

are all equivalent. Hence the truth set of the equation

is 4). Note that.in this problem we could write

ax
2

- 5x,- 12 = (2x + 4) and obtain the truth
---- _

set from this factored form.

[page 507]
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(c) x2 + 4x + 6 = 0

(x2 + kx + 4) + 6 - 4 = 0

(x + 2)2 + 2 = 0

are all equivalent. However -(x + 2)2+ 2 3.nnot be

factored over the real numbers, and the truth set of

the equation is 0.

x
2

= 2x + 4(a)

x
2

- 2x - 4 = 0

- 2x + 1) - 4 - 1 = 0

(k - 1)2 = 0

(x - 1 +li)(x - 1 0

or x - 0

x -IT or x = 1

(e)

are all equivalent. Hence the truth set of the equation

is (1 - 1

2x2 = 4x - 11

2x
2

- 4x + 11 = 0

2(x2 - 2x + 1) + 11 - 2 = 0

2(x - 1)2 + 9 = 0

are all equivalent. However, 2(x - 1)2 + 9 cannot be

factored over the real numbers. Hence the truth set of

the equation is 0.

293
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(r) 12x
2 - 8x= 15

are all equivalent. Hence the truth set of the equation

is (-L (Note that 12x2 - 8x - 15 can be factored

as a polynomial over the integers.)

3. -3x2 + 6x - 5 = -3(x2 - 2x) - 5

= -3(x2 - 2x + I) - 5 - (-3

-3(x - 1)2 - 2

From the equation in standard form we can see that the

vertex of the parabola is the point (1, -2).

Since the coefficient of (x - 1)2 is negative, the

parabola opens downward, and -2 is the largest value the

polynomial -3x2 + 6x - 5 can have.

,

4. x
2

3x + 21 =.kx
2

- 8x) + 21

= (x2 - 8x + 16) + 21 - 16

= (x - 4)2 + 5

The vertex of the parabola which is the graph of the

polynomial is the point (4, 5). Since this parabola opens

upward, the least value of the polynomial is 5.



It may have many values greater than 5.

Its values are integral for integral values of ix,

but not for all real values of x.

2(xH 1)2' 3-=-0

( f2( x - 1) + (17(x - 1) - 0

x - %/7f -E,g3 = 0 or. 1/Tx - Nn7 - V-5-= 0

45-
- or x

are-all equivalent. Hence the truth:set-Of-the equS:tion

r VI.
J.

In Chapter 11 we learned to rationalize the denom-

inatorThence we see that the truth set can also be writteh

(l .7p 1 +4).

7

6. If the number of feet in the width is . x and the number

of feet in

the length

is x(47

(x2

the perimeter

is

- x).

1.6 94 then

47 - x. The number

x(47 - x)
x2 - 47x + 496

2209) 496 2209

the number...of feet in,

of square feet in the area

496

= 0.

0

0

= 0

(x.. 47)2 225

lp(x 12)

(x - 16)(x - 31)

x - 16 = 0 or x - 31 = 0

x = 16 or x = 31

[pages 507-508]
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are all equivalent. Hence the truth set of the equation is

is (16, 31). When x = 16, 47 - x . 31. The width is

16 ft., and the length is 31 ft.

As you see x
2

- 47x + 496 is factOrable over the

incegers so it would not have been necessary to use the

method of compreting the square in this case.

The student might try to do this problem using two

variables:

If the rectangle is x feet wide and y feet

long, then

12X 4- 2y . 94

xy = 496

1

x + y = 47

xy . 496

y . 47 - x

xy . 496

1

y = 47 -- x

x(47 - x) . 496

Although this involves a quadratic equation in two variables,-

the student may see that the "substitution" method reauces

it to an equation in one variable.

If the sheet of metal is x inches wide, it is x + G

inches long.

The box is

x - 4 inches

wide, X"

x + 8 - 4 inches

long, and 2 -inches

deep.

[page 508]
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2(x - 4)(x + 4)

2(x2 - 16)

x
2

- 16

+ 12) (x 12)

= 256 and

= 256 and

= 128 and

and

= 0 and

x > 0

x > 0

x 0

x 0

x > 0

x + 12 = 0 or x - 12 = 0, and x 0

x = -12 or x = 12, and x 0

are all equivalent. Hence the truth set of the sentence

is (12).

The sheet of metal is .12 inches wide and 20 inches long.

(a) (b)

1

li OREN
OEM

DE
OEM

NI
111 .Ene

/A
limu

1,-Ilil
1114 co raEl +

.120.
AILliall

leM
4
,1

abil, ira.

4-1-
1 \ N

x
6 IN

eV , lala1 1
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y= 4

2

x

The graph is the two

points (1,4) and (3,4).



(c)

col

(d) We recall here that

x
2 - 6x + 5, x 0

x2 + 6x + 5, x < 0..

563

(d)

1

+
,c A
w
+ ll

IR 0

(g7. ini
1 irI :,:til

MIN III
.1.11PAII Mk

y = x2 - 61x1 4. 5 implies:

9. If one.leg is y feet long, the other leg is y - 1 feet

long, and the hypotenuse is y + 8 feet long.

y2 1)2 (y 8)2

Truth set: (21).

The lengths of the sides of the triangle are 20 fee , 21

feet, and 28 feet.

and y > 0

10. If the window is h .feet above the ground,

the rope is h + 8 feet long.

h2 + 282 = (h + 6)2 and h > 0.

Truth set: (45).

The window is

the ground.

45 feet above

298
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11. If a leg of the triangle is x feet long.

x
2

+ x
2

= 3
2 and x 0

3

2

Truth set:

Each leg is units long.

12. If the diagonal is d inches long, a side is d - 2 inches
long.

(d 2)2 2)2 d2
and d > 0

Truth set: (4 +

The diagonal is 4 2.17 inches long.

13. If the sheet is t feet long, the width is t-3 feet.

t(t - 3) L6 and t > 0

Truth set: ()
1The sheet is B- feet long.-
2

14. If n is one of the numbers, 9 - n is the other number.

n
2

- (9 - n)
2

. 25

Truth set: (2-)
9

53 28The numbers are and
9 9

15. If n is the number

14n + n2 = 11

Truth set: (-7 + 2,43, -7 2,77-5)

The number is (-7 + 2) or (-7 - 2N/T.).

[page 5:J.T)-509]
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16. If his average speed going was g miles per hour, then his

average speed returning was g - 6 miles per hour.

336 336
- --g + g > 0

Truth set: [48)

The average speed was 43 miles per hour going and 42

miles per hour returnIng.

17. If x is the number,

1
x + = 4 and x O.

Truth set: (2 +,./T, 2

The number is either 2 +-4/7 or 2 ITT

Answers to Review Problems; pages 509-510:

1. (a)
3

--f 2

y 12
27
--4

3 3 . 27
12

2---t-

[page 509)
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(b)

(c )

0

301
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(d) 3x(x - 3) = 3x2 - 9x

9. 27
= 3(x

2 - 3x 4- v) -

3(( -4)2

2

0 I 2

(e) The graph of (d) can be obtained by moving the graph

3 27
of (a) .2. units to the right and -4 units down.

2. (a) y = -x
2

(b) y = x
2

+ 3

(c) y = (x 1- 2)2

(d) y = (x - 1)2 2

302
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3. (a) Line

(b) Parabola

.(c) Pair of lines: y = x or y = -x

(d) Line

(e) Line

Parabola

(g) Parabola

(h) Line

(i) Point

4. (a)

(i) The graph crosses the y-axis at a point where x = 0.
When x = 0, x

2
+ 2x - 8 = -8.

The graph crosses the y-axis at -8.

(ii) The graph crosses the x-axis at points where

x
2
+ 2x - 8 = 0

(x - 2)(x 4) = 0

x - 2 = 0 or x + 4 = 0

x = 2 or x = -4

The graph crosses the x-axis at 2 and at -4.

(iii) The largest or smallest value of the polynomial is the

the ordinate of the vertex of the parabola.

x
2

2x - 8

(x2 + 2x + 1) - 1 - 8

(x - 1)2 - 9

The vertex is at (1, -9) and the parabola opens
upward.

The smallest value is -9.

[page 510]
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(b) (i) 3; (ii) Does not cross the x-axis; (iii) Small-

est value at 2.

(c)

(d)

(i) 4; (ii) 2

(i) 4; (ii) 4;

graph is a line.

(e) (1) 12; (ii) 4

(i). 0; (ii) 0;

(a) (7;

(b) (1 1-,/2, 1 - ,r72)

(c) ,

and -2; (iii) Largest value at 4.

No largest or smallest value. The

and -3; (*IAA) Largest value at 14..

(iii) Smallest value at 0.

(d) , )

(e) (.2 +17, 2 --I'S-)

(f) The set of all real numbers.

6. If one of the numbers is n,

the other is 9 - n, and

their product is n(9 - n).

n(9 - n) = 9n - n2

-(n2 - gn + + -84-1

-(n -
9)2 + §.41-

9 81\
The vertex of the parabola is (2? -IF) and it -)ens

downward. Hence, the value of n which makes q9 - n)

9largest i_

9The numbers are -f and

7. n2 - 10n 4- 175 = (n2 - 10n + 25) + 150

(n - 5)2 150

The vertex f the parabola is at (5, 150).

He shoUld manufacture 5 boats a day; this win result in a

minimum .(10Bt of $150 per boat.

[page 510]
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Chapter 16

Suggested Test Items

1. Draw a graph of y = x2.

(a) Explain how the graph of y = -x2 can be obtained

from the graph of y

(b) Explain how the graph of y = x2 + 6 can be obtained

from the graph of y = x2.

2. Put each of the following in standard form and draw its

graph.

(a). x2 - 2x - 3 (d) 2x2 + 4x + 8

(b) . x + (e) (2x + 1)(2x - 5)

(c) - x2 (x - 3)(x + 3)

3. Solve.

(a) + 4 = 0

(b) 4x2 -4- = 8x

(c)
7

= 4x

305

(d) x2 - 215x + 1 = Q.

(e) x2 - 2x + 2 = 0

x(x + 1) - (x + 1) = x2 + 13
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4. The polynomial "x2 - 6x + 16" may never have a value less

than what positive integer?

5. Two successive prime numbers differ by 2 and their product

is 899. Find the numbers.

6. Each dimension of an 81 by 12! room is increased the same

amount. The floor space is increased 224 square feet.

Find the length and width of the new room.
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Chapter 17

FUNCTIONS

'117-1. The Function Concept.

This chapter treats one of the most important and most basic

ideas in mathematics - the idea Of a function. It is included'here

- for those selected classes of better students, as well as exception-

-al individuals, who are able to move ahead fast enough to complete

the previous material in less than the expeCted number of lessons.

Ttle:teadher can find additional disCussion of this concept in

Studies in Mathematics, Volume III, pages 6.17-6.25.

lh the past it has been'customary to postpone a careful study

of functions to a much More advanced mathematical:setting. 'Because

of this, the subject is surrounded:by an aurora of difficulty which.

is completely undeserved. The idea is simple and, as will become

evident as we proceed, is involved implicitly in our Most elementarY

considc lations. In this respect the function concept is in the

same ct,egory as the set concept. Incidentally, the set concept is

another good example of an idea which was involved implicitly in

many-mathematical situations long before it was finally separated

out and studied carefully its own right. As yet another illus-

tration of this phenomenon, we mention the general ACD properties

of addition and multiplication which.are implicit in all of arith-

metic but are not made explicit until the°study of algebra..

Page 512. The completed postage table is

ounces
1
-4.

1
-ff

3
-4. 1

I
1.4.

1
1.g

3IT 2
1
aT

1
aff

3
2.4. 3

1

cents 4 4 4 4 8 8 8 8 12 12 12 12 16 ...

Answers to Problem Set 17 - la; Pages 513-515:

1. (a) The association is frOm the set of all positive integers

to all odd positive integers. Since we obviously cannot

list all odd integers, the table can only suggest the full

association. The odd integers associated with 13 and

1000 are 25 and 1999 respectively.
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A rule for the association might be stated as "with each

positive integer n associate the nth odd positive

integer." ,Another way of giving this association is

"with each positive integer n associate the integer

2n-1."

(b) The machine picture can only suggest the full association

described here. The association in from f all_
positive real numbers to the set of all real numbers

greater than -1. The machine will give the number 33

when fed the number XT. It will reject the numbers 0

and -1 since it is "constructed" to accept only pos-

itive real numbers.

Some teachers like to emphasiZe the machine idea

much more than we have done here. If you are one of

these, go ahead! The machine can also be used to visu-

alize all of the algebraic operations. For exaMple, an

addition machine might be pictured as follows:

a + b

Notice that this suggests that the operation of addition

can be regarded as a function which associates with each

ordered pair of real numbers a real number.

[pages 513-514]
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(c) The association here is from the set of all real numbers

to the set of all real numbers. The association can be.

represented as follows:

5 3
--"T -2 -1 0

5
2 3

r,

-4 -3 3 20,-.1 20

In order to determine what number is associated with any

real number a on the upper line, we observe first that,

before the lower line is moved to the right (i.e. if 0

is directly under 0), the number on the lower line dir-

ectly below a is 2a. This follows immediately from

the assumption that the unit on the upper line is twice

the unit on the lower line. Moving the lower nUmber line

one unit to the right from its original position has the

effect of subtracting 1 from the .original coordinate of

each,point on the lower line. Therefore the number as-

sociated with a is 2a-1. The nUhber associated with

-13 is -27, with 13 is 25 and with 1000 is 1999.

Note: It may not be worth the time that would be

required to get across to all students the.above general

argument that 2a-1 is the number associated with a.

The main purpose here is not to study.this special way of

setting up an association but rather to emphasize the

fact that an association can arise in a variety of very

different ways.

309
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(d). This e7er very important ar lhould be wistered,

completc: (;vervone. The assc Lon is from the set-

of all real numbe..1, to

the set of all real num-

bers. Notice that to

each number a there

exactly one number b

such:that :(aIb)--i-a

point on the line. _This

is what makes it possi-

ble to set up the associ-

ation in this case. 'The number aSsociated with -I is
1

-3, with -7 is -2 and_with _13 is 25. Since the

y-form of the equation of the line is y.= 2x - 1, we

conclude that the number associated with the number a:

is 2a-1.

(e) This association is from the set of all real numbers t

such that -1 < t < 1 to the set of all real numbers y

such that -3 < y < 1. Associated with is.the numH
7ber -.7. Since 121 > 1, no number is associated with.

2.

The association is from the-set of all negative real num7.

bers to the set of all real'numbers y such that

y < -1. Again the number associated with the negative

nuMber a is 2a-1. The number associatedwith

ie -27. No number is associated with O.

2. (a) The association is from the set of all real numbers x

such that x < 1 to the set of all real numbers -y. -sUeh

that y < -3. The rule is "TC each real number less.thah

1 assign the numter obtained by multiplying the given

number by 2 and then subtracting, 5." The rule assigns

exactly one number to each number in the first set.

( f )

[pages 514-515]
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(b) The association is from the set of all non-negative real

numbers to the set of all real numbers. The rule is "To

each non-negative real number assign numbers whose absol-

ute values are equal to the given number." The rule

assigns 0 to 0 and, to each positive number, the

given number and its.opposite.

(o) The association is from the set of all real numbers to

the set of all real numbers. The rule is "To each real

number x assign the number obtained by multiplying the

given number by 3 and then adding 7." The rule assigns

exactly one number to each real number.

(d) The association is from the set of all integers to the

set of all real numbers. The rule is "To each integer

assign those real numbers less than the given integer."

The rule assigns an infinite set of real numbers to each

integer.

(e) The association is from the set of all non-negative

rational numbers to the set of all real numbers whose .

squares are rational. The rule is "To each non-negative.

rational number assign those real numbers whose squares

are equal to the given rational number." The rule assigns

0 to 0 and, to each positive rational, its two square

roots.

3. To each real number between 0 and 320, associate 4 times

the smallest integer which is greater than or equal to the

given number.

4. The starting point here might be a machine such as the scales

which print your weight on a card (along with your fortune).

A student who has an idea of how such scales might be con-

structed should be able to suggest the modifications and

[page 515]
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additions necessary for the purpose suggested here. The idea,

of course, is to obtain another machine "picture" of an inter-

esting association of numbers.

The definition of function which we have given is,

strictly speaking, a definition of real function since we have

restricted the domain and range to real numbers. In later

courses, the student will meet more general types of functions

in which the domain and range can be sets other than sets of L

real numbers. Such a function might, for example, have sets

of points in the plane as its domain of definition. As an

illustration, associate with each point (x,y) of the plane

the abscissa x of the point. In this case the domain is the

set of all points of the plane and the range is the set of all

real numbers. If we associate with each point (x,y) of the

plane the point (-x,y) the result is a function with both

domain and range equal to the set of all points in the plane.

In the discussion about functions, it is important to

emphasize at every opportunity the following points:

(1) To each number in the domain of definition, thefunction

assigns one and only one number from the range. In other

words we do not have "multiple-valued" functions. How-

ever, the same number can be assigned to many different

elements of the domain.

(2) The essential idea of function is found in the actual

association from numbers in the domain to numbers in

the range and not in the particular way in which the

association happens to be described.

(3) Always speak of the association as being from the domain

to the range. This helps fix the correct idea that we

are dealing with an ordered pairing of numbers in which

the number from the domain is mentioned first and the

assigned number from the range is mentioned second.

'3 1 2
[page 515)
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(4) Not all functions can be represented by.algebraic

expressions.

Although the above points are not absolutely vital as

far as elementary work with functions is concerned, they become

of central importance later. Also, many of the difficulties which

students have with the idea of function can be traced to confusion

on these matters. Therefore it becomes important to make certain

that the student understands these points from his very first con-

tact with the function concept.

Answers to Problem Set 17-1b; pages 517-519:

1. All statements in Problem 1, and all in Problem 2 except (b),

(d), (e) define functions. The statements in 2(b), (d), (e)

fail to define functions since they associate more than one

number with some of the numbers in the given set of real numbers.

2. (a) 2x - 5, x < 1

(b) No single expression

(c) 3x +.7, x any real number

(d) No single expression

(e) No single expression

3. (a) Domain of definition is the set (1,2,3,4,5,6,7,8,9,10).

(i) Number of the day 1 2 3 4 516 7 8 9 10

Income for the 7 5 6 - -7 4 0 -3 -4 -6
A-- fa-1,---N

(ii) The function cannot be described by a simple

algebraic expression in x. However it can be de-

., scribed by a polynomial of sufficiently high degree.

313
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(b) The domain of definition is the set of all positive

integers and the range is the set (0,1,2,3,4).

Positive integer 1 2 3 1t 5 6 7 8 9 10 11 ...

Remainder after
division by 5

1 2 3 it 0 1 c 3 it 0 1 .,

(ii) The function canno, be represented by a simple

algebraic expression, but we can do the following:

With each positive integer n, associate

0, if n = 5k, k

1, if n = 5k + 1,

.2, if n = 5k + 2,

3, if n = 5k + 3,

4, if n = 5k + 4,

any positive integer,

k any positive integer.

k any positive integer.

k any positive integer.

k any poSitive integer.

(c) The domain of definition is the set of all positive

real numbers.

( 1) positive real
number a

1
-ff I 'IT-

2
7r
J

2 4 ...

1
-3-(a + 2)

5

-6.
1

1, r- ,
7k 4 2+2)

8
9

4
g

5
g .4.

(ii) To each pbsitive real number a associate the
lfnumbers-ka 4 2).

(d) The domain of definition is the set of all positive

integers.

positive in- 1 2 3 it 5 6 7 8 9 10 ..

teger n

n
th

prithe 2 3 5 7 11 13 17 19 23 29 ...

(ii) No function is known whose domain of definition is

the positive integers, whose range is a set of

primes, and whose rule is an algebraic expression.

[page 517}
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(e) Domain of definition i$ the set of all positive integers

from 1 to 365 inclusive. The range is all non-

negative integers from 0 to 364.

(i) number 1 2 3 4 ... 360 361 362 363 364 365
of daY

days re-364 363 362 361 ... 5 4 3 2 1 0
maining
in year

(ii) To the n
th

day associate 365-n.

(f) Domain is the set of all positive intgers less than or

equal to the number of dollars which you possess.

(i) number of
dollars
invested

1 2 13

interest
at 6 %

0.06 0.12 I 0.18

20_ , 100

1.20 ... 6.00

(ii) If P is the number of dollars invested,

associate 0.06P.

(g) Domain is the set of all positive real numbers.

(i) diameter in inches
1
.4.

1 1 2 iF
2

circumference in
inches r

'4'
1 1.1.

e
2 /r%T 2r

(ii) If d is the diameter, the circumferenceis rd.

(h) Domain is the set of all real numbers.

First position:

-3 -2 -I 0 I 2 3

I I
1 I

1
I

i I
I I I I

1 I I I I I

1 1-

1 1 t

II 1 1 i

-3 -2 -I 0 I 2 3

[page 517]
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Second position:

-3 -

I

-I

I

0 I 2 3

I
1 1

I

1

-I
I

1

I
I

1 1

I
1

I
1

I

I
1

( , 1

I 1 I

I I I I I 1

3 2 I 0 -I -2 -3

(i) real number a -2 -1 0
1

2
1 2. 10 ...

number associa-
ted with a 3 2 1

1
2

0 -1 ...

(ii) Let a be any real number on the upper line. After

.the lower line is moved so that its point 0 is

directly under the point 1 of the upper line, the

point on the lower line directly under a is

a - 1. When the lower line is rotated about 0, the

number a - 1 is replaced by its opposite, -(a - 1)

or 1 - a. Therefore the resulting association can

be stated as follows:

To each real number a, associate the number

1 - a.

4. The domain is the set of all positive integers greater than 1.

positive 2 3 4 5 6 7 8 9
integer

smallest 2 3 2 5 2 7 2 3

factor in n
greater

than 1

The prime numbers are associated with themselves. The range

is the set of all primes.

10 11 12 13 14 15

2 11 2 13

316
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This function is similar to the example discussed at the .

beginning of the chapter. The domain is all real numbers

between 0 and 32 and the range is all integers from 1

to j2. The function cannot be represented by an algebraic

expression in one variable. The numbers assigned to 3.7

and 5 are 4 and 5, respectively.

6. The verbal description is the only method we can give now for

representing this function. The numbers assigned to -y,

-7-, 0, .ff .f and 10
6

are 1, -1, 1, -1, -1,

1, 1 and -1, respectively.

7.
1

Notice that x
gives a real number for every value of x

+ 2
different from -2. Since we only have square roots of non-

negative real numbers, 4177)i-2 is meaningful only for

x + 2. 0 or x -2.

(a) All real numbers except 3.

(b) All real numbers greater than or equal to 1.

(c) All real numbers except 0.

(d) All real numbers.

(e) All real numbers x such that x
2

1. This is the same

as the set of all real numbers x such that either

x 1 or x -1.

(0 All real numbers except 2 and -2.

8 . Notice that if the perimeter of a rectangle is equal to

10 ft. then the length of a side must be less than 5 ft.

(a) The domain of definition here is the set of all positive

integers between 0 and the number of dollars whi.ch you

possess. (Same might want to think of borrowing as

negative investment, in which case the domain'would

include negative integers depending on your credit.)

317

[pages 518-519]



584

(b) St7m.c.,- the area of a triangle is equal tc one-half the

imma x- times the altitude a, we must have

12 or a In Zis cane the .--_7an have

azT Thenaz-7-,h whatso, t O. Therefore Ae doma±n

t of all p1 real nlImbers.

(c) T M of the box

Alsions 8-2x

oy 1X. Hence the

voi.,11110 is given

by

'8-2x)(10-2x)x

or

x(4-x)(5-x).

Obviously the square

which is removed must

have its side less than 4, so that 0 < x < 4. In

other words the domain of definition is the set of all

real numbers between 0 and 4.

10 - 2 x

17-2. The Function Notation

The function notation must be handled with great care. In the

beginning one can not do too many examples and exercises of the

type, "What is the value of f, at 2?" or "What number is repre-

sented by f(2)?" Check the students on this at every opportunity.

It is essential for"everyone to understand that the symbol

when used for a function, stands for the complete function and not

just, for the rule or some special way of representing the function.

[page 519]
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Notice that we rAT using tne misleadinE mression "the

function f:(x)" :Lite for the correct -ii.:-ession "the

function f" I: f(x) is a number wHich is the value

of f at x, erion itself.
If two variaL .nd y are related by t 3 sentence

y = f(x), where f Ls _.cren function, then x is sometimes

called the indepent 7,-.21:able and y the dependent variable in

the relation. Thi: C,%." cpgy, which is used by many, has been

avoided here 'since sc easily abused. It leads to expressions

such as "y is a :)! X" which tend to otzeure the

function concept.

For the functL f- :-Ifined by the rule,

f(x) = 2 :Dr each real number x,

11 5
f(-7) = , f = -2 , NTT) = 73. , f(s) = 2s-1 ,

f(-t) = -2t - 1, --2t -I- 1, f(t - 1) = 2(t - 1) - 1 =

2t - 3, f(t) - 1 = .7 1) 1 = 2t - 2.

For the functioa z, defined on page 521, the range is

the set (-1,0,1). Al.s3, g(-3.2) = -1, g(0) = 0, g(4) = -1,

1. If a > C. g(a) = 1 and g(-a) = -1. If a / 0,

g(Ial) = 1. The rule g cannot be given by a simple algebraic

expression in one vax_iable,

Answers to Problem Set ; pages 521-524:

1. .(a) F(-2) = 3 F(0) = 2 (i) F(;) = 2 -

(b) -F(2) = -1 (f) 1F(-6)1 - 5 '(j) F(2t) = 2-t

(c) F(- ?t) = (g) F(1-61) = -1 (k) = 2 4t
(d) F(1)-1 = (h) F(t) = 2 -

[page 521]
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2. The domain of definition of G is all real numtl. and the

rangal is all non-negative real numbers.

(a). a(o) o (b) G(a) - G(-a) = 0 )

The function h is identical with the functian g, defined

in Section 17-2. Pe sure that the students ueratand why

h = Emphasize again that the function is i:...aeT-ndent of

the .articular method of describing it or the symcds used to

represent it.

4 If x < 0 , then !xi = -x , so that ifr 1.

If x > 0 , then lx1 = x , so that -r-n- - 1.

Therefore

k(x)

-1 , x < 0

0 , x = 0

and hence k = g.

1 , x < 0 ,

5. (a) H(2) = 3 (b) H(:4) = -; (c) H(

(d) -H(-2) = -3 (e) H(-1) + 1 = 1 (f) H(3) is not defined.

(g) H(a) = a2- 1, for -3 < a < 3.

(h) H(t-1) = t2 - 2t, for -2 < t < 4. Notice that,

if -2 < t < 4 , then -3 < t-1 < 3,

so that H(t-1) is defined (i.e. t-1 is in the domain of

definition of H.)

(i) H(t) - 1 = t2 - 2 , for -3 < t < 3.

6. (a) The domain bf definition of Q is the set of all. rppl

numbers x such that -1 x < 0 or 0 < x K2, i.e.

ail numbers between -1 and 2, except 0 amd

including -1 and 2.

320
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( The range of Q consL _s of tha nmber -1 along w.if.th

z:11 x such that 0 : 2.

(c) 1-1) -1, Q(-4)-- Q(; s not defined,

-.(-5) -4, r) defined.1 1

(d) LI: the same function as C. (3ee Problem 3 abc1.7.)

7. (a) 1'3)

(b) ll x such that 4 x.

(c) (5)

(d) (.241

(e) All x such that x < 0...

All -x such that 2 x.

8_ (a) (-1, 1).

-1 0 I

(b)

(a)

-3

0 2

I 0 I

(0, 2).

All x such that -1 x 1.

x such that either

x < -3 or x > 1.

321
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(a ) The _domain of defini tion of f is the set of all real

-,FuriN-rs, and the danaim, of definition of 1 is the

.zeu f all real numbea.E, different from -2. :Therefore

f 3. HOwever, simezt

x2
x + 2

we ha

- 2, if x 4 -2,

f(x) = F(x), for all x 4

(b) both cases the dammL.In of definition is the set of-all

numbers. Since
4

- 1 for all realt
2

t 1

numoers t, it follows that g = G.

17-3. Gmaphs .of Functions

The graph of a function gives us a quick way to -picture cer-

tain properties of the function- In most cases we are primarily

interested in the "shape" of the graph rather than in the precise

locatlaz_. of trrdivietal points, although there may be certain key

pointss thghich mFed tu..= be located carefully and doubt about the shape

of a n=rtion of the graph 07-77 frequently be resolved by locating a:

few ;7=ff ciously chczen pc:1.--z-- Other kinds of :inforvatlon can also

be he:46.11 in determinin,x zei, general shame of a gnaph.. 1orex-

amp1e, without locating y zbs whatsoever, We know that the:.
a

4rsph aff: zr = 3x +-1._ must Tae above the line y = 1 since
_

all lc. Also, since 0 < a < b implies .0 < a2
2

:.

the ,-,21j1 of 7 =-2.1t'2 misestc(the

must .77,1presse d. mm the studertt that the objective in:drawihge

graph: simply- to locate la lot of pointa -lout rather to .dist

covem-=a-:.,ahape_of the: ty any methods which can be aPplied,,.

[page 524]
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The location of certain careful:17 chosen points of the graph is one

of the methods.

Example 1. The graphs of the function f defined by:

f(x) = 2x - 1, 0 x < 2-

and the function F defineL b7:

F(x) = 2x 1. x < 2

are diffezent since the first grapb is the line hegment joining_the

points (0, -1) and (2, wita the first point included and the

second exaluded and the second 6.:aph is the liae-segment joining

the points (-2, -5) and (2, 3) with both end-points excluded.

Answers to Problem Set 17-3a;nag79 525-526z

1. (a)

(b)

yeT(

-dog:1111M
11111111
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(f)

y h(z)

(0

(a) Domain: all s such that

such that .3- Y -s5

2. Range: all y

(b) Domain: all x such that

such that 0 .< y 3
3 x 3. Range: all y

c) Domain: all x such that

such that 0 y 3.

-3 _< x < 3. Range: all y

(d) Domain: all t such that

such that -1 y < 3.

-2 < t 1. Range: all

(e)

(f)

Domain: all non-zero real numbers.

Same function as

Range: (-1,

3.

-5

4
3-

2

(2,4

1I

2

5 -I) (- L



Domain: all

_ -.1

x such

x < 2.

that

Range: a..1 y such that

0 y 1.

f(x)
-x, 71 x 0

1 0 < x < 2.

Y'

There are many functions which satisfy all of these conditiOns

One example is:

s

-2

[page 526]
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For any number a in the domain of definition of a

function f, there is exactly one point on the graph of the

:,function with abscissa a, viz. (a, f(a)). Therefore the vertical

line x = a will intersect the graph of -f -A.n exactly one-poiht,-:,,

,viz. (a,f(a)). If a is not in the domain of definition of f,

then the line x = a will not intersect the graph of f at all.

-:Ttle rule for f can be stated as follows: "To,each real number

a in the domain of definition, assign that real number b such.

that (a,b) is a point on the graph."

Answers to Problem Set 17-3b; pages 527-529:

1. Each of the graphs (a) - (I), whether or not it is the graph

of a function, determines a set consisting of all those real,-

numbers a such that there is at least one point_on the graph

with abscissa equal to a. If the graph happens to be the

graph of a function, then this set is the domain of definition

of the function. Now, for each number a in this "domain",

we associate all of those real numbers b such that (a,b)

is on the graph. This association will be a function if and

only if there is exactly one such number b for each a.

This is the situation in cases (a), (e), (h) and (i), so that

these are graphs of functions. On the other hand, in the

remaining cases, there are values of a to which several dif-

ferent values of b are associated, so that these are not

graphs of functions.

Most of the students obviously will be unable to discuss

this exercise as precisely as we have done_above. .However,

most of them should be able to get the idea. Acceptable eh- .

swers in the cases .(e) and (f) might run somewhat as follows:

"(e) is the graph of a function because there is only one

point on the graph directly above any point on the x-axis and

therefore, the graph can be used to define an assOciation for._

a function as was done in Problem 1(d) of Problem Set 17-1a.

[pages 527-528]
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Also, (f) is not the graph of a function because directly

above aome points on. the x-axis there are two points on the

graph, so that the graph cannot be used to define a function."

In gcfng over these problems, try to get the students to-

state expII.citiy what the domain of definition is and how the

rule might be formulated in those cases which are graphs of

functions,. Problems 2, 3, and 4 are intended to lead up to

the general criterion for a graph to be the graph of a

funCtion..

2. (a) h(-3) .,T7E This can be estimated roughly as 1.7

h(0)

(b) The se f all x such that -4 _ x 3.

(c) The set tf all y such that y 2.

3. (a) .For x Ln the domain of definition of g there.will be

one ,--T,m-r7 csay one point (x,y) on the graph G. The num-

ber g equal to the ordinate y of the point

(x,77.3 ccff the graph.

(b) The domain of definition of g is the set of all real

numbers x such that there exists a point on G with

abssa equal to x.

(c) To show that "if (a,b) 4 (c,d) then a i c," we may

prove the- contrapositive of this statement, namely,

"if a = c, then (a,b) = (c,d)".

Thus, If a = c and if the points (a,b) and

(c,d) =e on the graph of g, then b = g(a) and

d =_gfeT. 3ince g is a function, there is exactly one

valr= g(a). Bence, if a = c, then g(a) = g(c). It

folLmws that b = d, and (a,b) .= (c,d). This completea

the7nroof.

328
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4. This problem is the basis for the "ordered pair" definition of

function which the student will eventually encounter if he

continues in mathematics. In the "ordered pair" definition,

the function is identified with its graph, i.e. a set of

ordered pairs, and so the definition consists in specifying

which sets of ordered pairs are wanted.

In order to show that the set of points G which satis-

fies the given condition is the graph of a function we need to

exhibit the domain of definition and the rule for a function

g so-that G is the graph of g. Take the domain of defini-

tion as the set of all real numbers x such that there exists

y for which the point (x,y) belongs to G. Notice that, by

the condition on G, there is for each such x exactly one

number y such that .(x,y) belongs to G. Therefore, if we

define g(x) = y for each x in the domain, the result is a

function g whose graph is G.

5. This is not the graph of a function.

immnierammis

111110111
N1111111111111E1111111111'91
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17-4. Linear Functions

Any line (or portion of a line) is the graph of a linear

function with the exception of vertical lines. If a line is not

vertical, its equation can be put into the y-form: y = Ax + B.

Thus every linear function can be represented by a linear expres-
sion. In other words, if f is a linear function, then there

exist real numbers A and B such that f(x) = Ax + B fo:1

every x in the domain of definktion of f.

Answers to Problem Set 17-4; pages 529-530:

1. (a) The graph is a horizontal line, y = B.

(b) The graph is the x-axis.,

(c) Since the points (-3,0) and (1,2) are on the graph, we

must have

{ 0 = A.(-3) + B
2 = A.1 + B

This is a system of equations in the unknowns A and B.
1The solution is A =-f and B = The problem can also

be solved by obtaining the equation of the line de-

termined by the points (-3,0), (1,2) and then writing it

in the y-form.

(d) The domain of definition is the set of all real numbers

x such that -3 x 1.

(011 = A.(-1) + B
3 = A.3 + B

1 3Solving for A and B, we obtain A = and B =

Again, we could obtain A and B by writing the equa-

tion of the line determined by the points (-1,1), (3,3)

in the y-form. Note that this is the same line but a

different function from that in (c).

[page 529]
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(f) The slope is 22-% and the y-intercept number is 4.

(g) The domain of definition is the set of all real x such

that -1 < x < 3.

2. The equation of the line L is x + 2y + 1 = 0. When y = 2,

x = -5 'and, when y = -2, x = 3. Therefore

1 1
h(x) = - 72!, -5 < x < 3.

(a) linear

(b) not 1:alear

(c) not linear

4, (a) g(x) = -f(x)

(b) g(x) = If(x)1

(c) g(x) etto

5. (a) The graph of g is obtained by rotating the graph of f

one-half revolution about the x-axis.

(d) not linear

(e) linear

(0 not linear

(d) g(x) = f(Ix1)

(e) g(x) = f(-x)

g(x) = f(x2)

(a)

0 it
(e)

2-

2

2

(e) The graph of g is obtained by rotating the graph of

f one-half revolution about the y-axis.

[page 530]
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The graph of the equation ( y - F(x)) (y - G(x)) = 0 is

the set of all points on either the graph of F or the graph

of G.-

Answers to Problem Set 17-5a; Pages 532-534:

1. (a) f(-2) = -11; f( -14; f(0) = -21; f(-.:0 = -24;

f(3) = -21; f(a) = a2 - 3a -21; f(t) = - --2= -21;

f(a + 1) = (a + 1)2 - 3(a + 1) - 21 = a2 - a - 23.

(b) g(-2) = 10; g( = g(0) = -2; g(3) is undefined.,

(Note that the domain of g(x) is.-3 < x < 3.).

g(2t 1) = 3(2t - 1)2 - 2 = 12t2 - 12t + 1 for

-1 < t < 2. (Note:. -3 < x < 3, hence -3 < 2t -1 < 3

or -1 < t < 2,)

(c) f(x) = x2 - 3xj- 21 = (x - 4)2 _T944

((X ) +47) ((x, _ _

. (x (x _ ,c)).. 0

Hence,
2
1 is the truth set.2

(a) 0
0

3
2
'/7$'1 -3.3

0
3 +2 1;73. 6. 3

(e) f(t) g(t) = 4t2 - 3t - 23. Note that if one function

is defined for all real numbers and the other function

is defined for -3 < t < 3, then the sum of the two

functions is defined for -3 < t < 3.

332
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(f) f(a) + 3 = a2 - 3a - 18; f(a + 3) = (a + 3)2 - 3 a +

- 21 = a2 + 3a - 21; 3f(a) = 3a2 - ga - 63;

f(3a) = (6a)2 - 3(3a) - 21 = 9a2 - ga - 21.

All in part (0 are quadratic polynomials.(g)

(h) f(t)g(t) = (t2 - 3t - 21) (3t2 - 2)

4
= 3t - 9t

3
- 65t

2
+ 6t + 42

Note that as in case (e) the product of the two functions

is defined for -3 < t < 3.

The result in (e) is a quadratic polynomial and in (h)

the polynomial is not quadratic.

(a)
1

A = 713 + 10) is a quadratic pole domain (of

definition): every positive real number.

(b) If the smaller number is denoted by s, then the larger

number is 120-2s, and the product P = s(120 - 2s) is

a quadratic polynomial in s. Since both numbers are

positive, the domain is the set of real numbers s such

that 0 < s < 40. Note that this restriction of the

domain is necessary because of the condition that s

the smaller of the two numbers.

(c) If L is the length of the side parallel to the wall,

then the length of the side perpendicular to the wall is

(120 - L), and the area A of the rectangular pen is:

1A = L(120 - L). The area is a quadratic polynomial in
2

L; the domain (of definition) is the set of real num-

bers L such that 0 < L < 120.

(i)

[pages 532-533]
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(b)

I

1. .9
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2

3

(. 2, -3

(3

603.

4. We know that the product of two positive or two negative..

real numbers is posit.lve. Since x
2 = x .x, it follows that

2 is a product of two positive numbers if x > 0, or of

.17,wo negative numbers, if x < 0, that is x
2

> 0 for any

real number .x 0. We know further that if ab = 0, where

a and b are real numbers, then at least one of them is

zero. Since x2 = xx = 0, it follows that. x = 0. Con-

versely, if x = 0, then x2 = xx = 0.0 = 0. Since pOints

with positive ordinates are above the x-axis, it follows that

the graph of y = x
2 has positive ordinates for all x / 0

and a single point (0,0), for. x,= 0, lies on the x-axis.

Note that by the graph of the funCtion y = x2 we mean

the graph of the open sentence y = x
2

. If (a,b) is a point

on the graph, then b = a
2 is true. Since b = (-a) 2 = a

2
,

N

it follows that the open sentence is also true for the Ordered

pair (-a,b) ; in other words, (-a,b) is also on the graph.
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If -x is positive, multiplication of the members of
11:K < 1" by x yields x2 <.x. Ir,.for the .same value of

2
x, the ordinate of y = x ,is denoted by yl and the

ordinate of y = x by y2, then for 0 < x < 1 we have

yl < y2. In other words, the graph of y = x
2

lies below the.:,

graph of y = x.

2
Here, as,in Problem 6, we obtain x < x and y2yi-.

Her=e, for x > 1, the graph of y = x
2

lies above the line:

y= x.

8. Multiplication of the members of "a < b" by a and

yields a
2

< ab and ab < b
2

, respectively. Hence, by the

transitive property of order we obtain a
2
< b

2
.

If we denote ya = a
2

and yb = b
2

then by the above

pLaiperty for b > a we obtain y y for all b > a > P.
b a 2

Hence it follows that the graph of y = x rises steadily as

we move from 0 to the right.

9. The horizontal line y = a where a 0 (since the

graph of y = x 2 is above the x-axis, a cannot be negative

and the graph of y = x2 have equal ordinates at the points

of intersection. Therefore, x = a.

Since x
2

- a = (x - vri)(x +,/-a), x2 - a = 0 has the truth

set (.15.7; - r1i) for a 6 0 and the truth set (0) for

a = 0, it follows that there can be at most,two points of

intersection.

10. Since the slope of a line containing the points (

and (c,d) is 1-I-/2,(o # a), we obtain easily for thec - a .2 ,
points (0,0) .and (a,a2) the slope =57=6 = a. Hence, we

conclude that the slope oi the line containing (0,0) and

(a,a
2

) approachea .0 as a approaches 0. But a line

passing through (0,0) with a slope close to zero apparently_

[page 534]
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approaches the x-axiEt, which touches the parabola at (0,0).

If we note that the segment of the line between (0,0) and

(a,a2), for a tlose to 0, nearly coincides with the arc

of the parabola, it is plausible that the graph must be flat

near the origin.

Answers to Problem Set 17-5b: pages 535-536:

1. (a) The smaller the value of a, the flatter the graph of

y = ax
2

, and for a = 0 it degenerateS into the x-axis.

All parabolas for 0 < a < I are between the x-axis
..and the parabola y =-x

2
.

(b) For a > 1 the parabolas y = ax
2

are inside the

parabola y = x
2

.

(c) The graph of y = ax
2

is between the x-:axis and the

parabola y = -x2 if -1< a < 0.

(d) The graph of y = ax
2

is inside the parabola

y = -x
2

if a < -1.

(e) The graph of y = ax2 is very close to the y-axis for

lal very large.

2. The graphs of y = x
2

+ k and y = x 2 differ only in loca-

tion. The graph y = x2 + k lies Iki units upward if

k > 0 and Iki units downward if k < 0.

3. y = (x - h)2 and y = x2 differ only in location; namely,

= (x h)2 is Ihi units to the right of y = x2 if

h > 0, and Ihi units to the left if h < 0.

4. )(,a, y = (x + 1)2 has exactly the shape of y = x2, and is

located one unit to left of it.

(b) y = -3x2 is inside the parabola y = -x2 , closer to the

y-axis.

[pages 534-536]
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.(o) yL= - 3 has exactly the shape of the paratmla

Y.= x
2

, and is located units downward.

(d) y = -(x - 1) has exactly the shape-of the177abola:

y = -x
2 and is one unit to the right of it.

(e) y = 2(x - 2) has exactly the shape of y = 2x2

is inside of y = x2, and is 2 units td th.c :right Of
2x2.

(f) y = (x.+ 1)2 + 1 has exactly the shape of theAparabola-

y = x 2
, and.is located one unit to the left:and one unit

upward from y = x2.

(g) y = 2(x - 1)2 -.1 has exactly the shape of y =

and is one unit to the right and one unit downward from

y = 2x2.

(h) y = -2(x + 1)2 - 1 has exactly the shape of y =

which is inside y = -x2 and located one unit to the

left and one unit downuard from tfte parabola y = -2x2..

The graph y = a(x h)2 + k can be obtained iv:Moving::

the graph y = ax2 in the positive di-rection of the.xiaxis:

1111 units, if h > 0, and in the negative directia n. of the

.x-axis if h < 0, and rkl unitsupward if k >0, and

units downward, if k <-0, The vertex:and. the equation of,the

axis of the parabola are (h, k) and x = h, respectively.,:,

x = a(y - 1) 2 1. Since a is arbitrary, there are

infinitely many such parabolas.

338
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swers to Problem Set 17-6; pages 538-539:

(a) y = x2 - 6x + 10 = (x - 3)2 + 1

0

0

(b) = kx2 + - 9 = x

0

-2

2

339



(d) y = x2 - x + = - (x + ;.-)2 + 5-

A
( r.

33 -1

[page 538]
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,

x + + c
2

= 2x -LC 2

c>

0
Jo-)

(f)
5 lop

. (a) no points.

(b) ,
k 2

and (-1 - 0)
2

[page 538]
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( ) (4,0) and

(-1 + 155,o
2

c.
(e) (

(1) ( 4.3 1g '17:0)

,./73
and (-1 ,0)

and
(3 1-O .4r;())

B
3. Ax

2
+ + C = A(x + Tx

B2)+
C

4A`

= A(x B)2 4AC - B2
4A

= a(x - b)2 + k,

-
where a = A, h = -

'
k

4AC
2A 4A

*4. (a) a(x hY + k = ax2 - 2ahx + (oh + k) = 3x2 -

If a = 3, -2ah = -7, ah
2
+ k = 5, then

a = 3 implies that -2(3)4 = 77; i.e. h

'7 2
a = 3 and h implies that ( )(t) +

ic
12'

Hence, 3x
2 7

- 7x +- 5 = 3(x )
%2 11

*6'

(b) ax2 - 2ahx + (ah2 + k) = 52 - 3x +

13
If a = 5, -2ah = -3, a

2
+ k

20
, .then

3 1
a = 5, h h = 5'

Hence, 5x2 - 3x + = 5(x - J-)2.
5

3 42
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ax2 - 2ahx + (ah2 + k) = Ax2 + Bx + C, for every real

number x. This is possible if

a - A, -2ah = B, and ah
2

-1 k = C.

If a = A, then the sentence "-2ah = B" is equivalent

to "-2Ah = B," that is,. h = a. Also, if a = A and

h
then "ah2 + k = C" is equivalent to

-2A
B2 B2 4AC - B2k = C," that is, k = C- TA-

4A

Answers to Problem Set 17-7; pages 544-545:

1. (a) not factorable

(b) 6x2 - x - 12 = (.:;x + 4)(2x -

In this case, completion: of the square would result

in the,same factors, but we should first try to find

factors over the integers by the methods of Chapter 12.

(c) -321 x2 + 4x + 6 = 't14x2 + 8x + 12)

-x , 6)(x + 2)

(d) 4y2 + 2y + - (2y + 221)2

(e) not factorable

(f) 2 - 2z - z2 L 3 - + 1)2 = (/-i- z -1-1)(,/73 z - 1).

(g) 1 - 5x2 = (1 -,17c.)(1 + ,RX).

(h) not factorable.

22_)2

(../7(v - + 2)(../75-(v - - 2).

%b)2 (a-b)2
'0,) x2 + (a + b)x + ab = (x + a)(x +

343
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. 2. (a) LI}

(b) 4 x - 3x2 4 + 3x)(1 - x) = 0. (- , 1).

(c) 0.

(d) s2 - s - -32% = (s - ;.-)2 - cs - -4)(5 +/4) = 0.

r1 +.../5-
2 2 '

.
(e) 3t + 4.. .50t + 4t + lj =-51,k2t + 1) 2 = O. (- 40

(0 ;72 4. 2Y 3-= ?3.1(Y + 3)2 6 = ((lr + 3)2 18)

= ?34-(y + 3 +173.) (y + 3 --../11") = 0.

(-3 - , -3 + 34ra].

(g) 0.

(h) 3n2 - 7n = n(3n - 7) = O. (0, '4).

3. (a) From the fact that

a(x - h)2 + k = a ((x - h)2 +), a / 0

it follows that it is factorable if .1g. . 0.

(b) If = -p2 where p = m and n are integers, then

a(x - h)2 + k = a((x
h)2 92). a(x - h - p)(x -'h + p)

= 112 (n(x h) - in)(n(x - h) + m) where m, n, h are

integers with a possible exception of the constant factor

a a
1712. If n = 1, that is, p an integer, then -171-2 is

also an integer. Hence, if --a- is a perfect square of

an integer, the above polynomial is perfectly factorable

over the integers.

(c) If < 0, = 0, or 11- > 0 the truth set of

a(x - h)2 + k contains two, one, or no real numbers,

respectively.

[page 544]
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4. (a) If the length of its longer side is x inches, then the

length of the shorter side is (6 - x) inches. Thus

x(6 - x) = 7 or x2 - 6x + 7 = 0

x2 - 6x + 7 = (x-3)2 - 2 = (x 3 -17)(x - 3 +.1-2-) = 0.

Hence, x = 6 +./T. The rectangle is (3417) inches wide.

(b) If one side is x inches, then the second side is

(x - 1) inches and the hypotenuse is x + 2. By the

Pythagorean Theorem we have

x2 1)2
(x + 2)2 or x2 - 6x - 3 0

x2 - 6x. - 3 = (x - 3)2 - 12

= (x - 3 --A7.)(x - 3 +In-) = 9.

Hence x = 3 +317. The required side is 3+2,4-inches long.

(c) If one number is x, then the second is 5 - x, and the

product x(5 - x) = 9, or x
2

- 5x + 9 = 0. Since the

truth set of x
2

- 5x + 9 = (x - 5-)2
+ 242-- = 0 contains

no real numbers, the problem has no solution.

5. In Problem 3 in Problem Set 17 -.6_we obtained the relation

(a) Ax2 + Bx + C = A(x +
A)2

B )2 B2 - 4AC
= A(x + 2A, -

(b) If B2 - 4AC < 0, then (x + 41)2 -
B24-A24AC

The parabola y = Ax2 + Bx + C is above or below the

x-axis (above for A > 0 and below for A < 0), that is,

Ax
2

+ Ex + C = 0 has no solution.

[page 545]
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(c) If B2 - 4AC = 0, then y = Ax2 + Bx + C = A(x + 4)2,

and the parabola is above or below the x-axis and touches

the x-axis at (- .4,0); that is, Ax2 + Bx + C + 0 has

-Bone solution x =

(0 If B2 - 4AC > 0, then A((:x + A-)2 B2 - AC

4A2

2 4AC N/B2 - 4AC )B s/B ) (xA(x + +
2A 2A 2A

has the solution set

{

-B 4-V2 - 4AC -B -VB2 - 4AC
2A

This is the familiar quadratic formula which is often

stated without proof. It is given here only as a

generalization of the technique of factoring a quadratic

polynomial by completing the square. Do not ask students

to memorize a formula. The important point is that every

quadratic polynomial can be factored, and, therefore,

every quadratic equation can be solved.

Chapter 17

Suggested Test Items

1. In each of the following describe (if possible) the function

(i) by a table, (ii) by an expression in x. In each case

describe the domain of definition and the range.

(a) To each positive real number assign the sum of 2 and

twice the number.

) Wssociate with each integer the reciprocal of the

integer.

346
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(c) To each real number assign the ordinate of the point

on the line with slope 2 and y-intercept number -2

whose abscissa is the number.

2. What is the domain of the function defined by the expression

.177-77? What is the range of this function?

3. Given the function g defined as follows:

1
g(x) = x -- ,x

for each non-zero real number x.

What real numbers are represented by

(e) Ig("-;) 1

(f) g(-1)

(g) g(tr.) , a > 0

(h) -g (-a) , a > 0

4. Consider the function F defined by

2 , -2 x <0
F(x) = x+2, 0 x S 2

(a) What is the domain of definition of F?

(b) What numbers are represented by F(-3), F(7), P(0),

F(-4), F(.) ?

(c) Draw the graph of F.

(d) What is the truth set of the sentence F(x) = 3?

5. Give a rule for the definition of the function whose graph

is the line extending from (-1,2) to (4,1), including

the endpoints.

6. Is every line the graph of a function? If not, give some

exceptions.
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If" f is the linear function defined by

f(x) = mx + b, for all real numbers x,

(a) describe the graph of f if b = 0 and m > 0,

(b) describe the graph of f if m = 0 and b > 0,

(c) determine m and b if the graph of f contains the

points (-2,3) and (3,-2).

8. Let F .and G be defined by:

F(x) = 3x2 + 2x - 4, -2 < x < 2,

G(x) = -x2 + 2 -1 < x < 3.

(.3;) Determine V(2) - G(1), F(-4) +

(b) Determine F(x) + G(x), -1 < x < 2.

(c) Determine F(x) G(x) , -1 < x.( 2.

(d) With respect to the same set of axes, draw the graphs

of V and G.

(e) What is the truth set of the sentence "F(x) =

-1'< x < 2?

(0 Write F(x) in standard form and find the vertex and

the axis of the graph of F.

Solve the quadratic equation F(x) = 0, -2.< x < 2.(g)

9. If a quadratic equation is written in the form
%a(x - b) 2 + k =

discuss the .values of h and k for which-the equation has-

(a) ;two real Solutions,

(b) one real solution,

(c) no real solution.

10. The first side of a rectangle is x inches in length; its

other side is 2 inches shorter, and the diagonal-is 3.

inches longer than the first side.- What is the value of XI

g


